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Abstract

AC circuit analysismay be conductedn thetime domainwith differentialequationsr in the so-calledcomple
frequencydomain It turnsoutthatmary problemsaregreatlysimpli ed whencornvertedto the complex frequeny
domain.For example,integrationanddifferentiationin the time domainbecomesimplealgebraicexpressionsn the
comple frequeng domain.

TheLaplacetransformconvertsa problembetweerthesetwo domains.

Oliver Heaviside,an Englishengineeroriginatedmuchof this technique Whencriticizedfor his lack of mathe-
maticalrigour, he respondedvith wordsto the effect that oneneednot understandhe procesf digestionin order
to eat'. In thatspirit, we provide herea cookbookapproacho the applicationof Laplacetransforms.

In this paper we shav haow conceptof the Laplacetransformmaybe appliedto electroniccircuit analysis.

We alsoshav measuremergxamplesin which Syscomgnstrumentsareusedto demonstratéheoreticakesults.

This documents bestreadon a video screerusinga pdf viewer program(suchasacroreadjpt 100%magni ca-
tion. A monochromeprint is useabléut losescolourandsomedetailin theimages.

My colleaguesGlen MartinsonandJohnFostercontribtutedsigni cantly to this paper:Glenby rst shaving me
how to usethe Laplacetransform,and Johnwith his very thoroughreview of the document.(Of course ary errors
remainmy responsibility)
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1 Intr oduction

Time is valuablein the practiceof EngineeringandEngineers/aluetoolswhich facilitategettingto anansweranda
nal design.Thesliderule andnomographareearly examples.The spreadsheegsimulationprogram(suchasSpiceg
andthe ComputerAlgebra Programaremorerecentadditionto the engineerstoolkit.

In this paper we'll shav a cookbookapproacho the Laplacetransform,usingthe ComputerAlgebraProgram
Maxima

ThelLaplacetransformis atechniqueor circuit analysighatfacilitatesthecalculationof anetwork time response.
An electricalnetwork exists. A certaininput signalis appliedto the network. Whatis the outputfrom the network as
afunctionof time?

This type of calculationcanbe doneentirely in the time domain,but it requiressolving differential equations,
which s challengingandtime-consuming

ThelLaplacetransformconvertstheinputsignalandthedifferentialequatiordescribinghenetwork, into algebraic
expressiondn whatis known asthe comple frequencydomain The outputin the complex frequeny domainis
simply theproductof theinputandthenetwork. Theoutputof thenetwork asafunctionof time is the Inversel aplace
transformof this product.

Thisis analogoudo afrequeny domainanalysisof, say a Iter network. Theinputspectruris multiplied by the
frequeng responsef the lter to givetheoutputspectrum.

The Laplacetransformtechniqueis a hugeimprovementover working directly with differentialequations.It is
relatively straightforwardto cornvert aninput signalandthe network descriptioninto the Laplacedomain. However,
performingthe InverseLaplacetransformcanbe challengingandrequiresubstantialvork in algebraandcalculus.

In this paperwe shov how Maxima,acomputerlgebrgprogram canbeusedin pursuitof theforwardandinverse
Laplacetransform.

1.1 Simulation and Analysis

We are often called uponto determinethe magnitudé and phaseresponser someother electricalpropertiesof a
particularnetwork. Why do all the work to obtain a mathematicafinalysiswhen one could simply simulatethe
circuit?

For a circuit designwherecomponentaluesareknown, the simulationhasthe advantage it maybefasterto do
andit cantake into accountheimperfectionsof componentsik e anoperationabmpli er. However, thatis a speci ¢
solutionandit doesnt give full insightinto thecircuit behaiour.

You can changethe simulationcircuit valuesand determinetheir effect on the frequeng and phaseresponse.
However, analysisgivesa deepemunderstandingf the circuit operation. It cantell you for examplethat the cutoff
frequeng is proportionalto the squareroot of theratio of two capacitorvalues.Knowing that, you might be ableto
selecttwo capacitorghattrackwith temperatur@andthereforeresultin amorestable Iter design.

A simulationgivescircuit speci ¢ resultswhennumericvaluesareknown. Analysisprovidesgenerlizedresults
They bothhave their uses.

1.2 CaseHistory

To setthe stagefor this next circuit and analysis,suppose | .
thatwe wish to designa Iter for noisepulsesthatoccuron JL .
. . . Filter A —

apowersupplyline, gure 1. We wouldlik e to attenuatehis
noisepulsesufciently with aslow costa circuit asfeasiblé.

The noisepulsecanbe modelledasanimpulse a pulse
thatis shortcomparedo thetime-constantf thecircuit.

The lter candidatesreshovnin gure 2.

Eachof these Iters canbe consideredo be a voltage
divider, in which the outputvoltageis somefraction of the input. The impedanceof one or more componentss

Input Output

Figurel: ImpulseNoiseFilter

11t canalso be doneusing a techniquecalled corvolution For mary networks andsignals,it turns out that corvolution is not an attractve
approach.

2Thetermmagnitudeis usedto referto thesizeof somebehaioural propertyof anelectricalcomponenbr network. Thetermamplitude which
we'll meetlater, is usedto referto the sizeof anelectricalsignal.

3In a nal design this vaguedescriptiormustbetightenedup to specifythe actualnoisereductionandthe resultantost.
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(a)FirstOrderRC Lowpass (b) FirstOrderLR Lowpass

(c) SecondOrderRLC Lowpass (d) SecondOrderRC Lowpass

Figure2: NoiseFilter Candidates

variablewith frequeng. Theneteffectis to increasehevoltagedivision ratio at high frequenciesthatis, reducethe
outputsignalat high frequenciesFor example,in gure 2(a),the bottomarm of the voltagedivideris a capacitor At
high frequenciestheimpedancef the capacitordecreaseandsoalsothe outputsignal.

ThesinglesectionRC lter is leastexpensve. ThedualsectionRC Iter requires4 inexpensve componentshut
is amoreeffective lter. TheRLC lIter uses3 componentspneof which is a moreexpensve inductor However, if
theRLC Iter hasasigni cant advantagdn performanceit mightbe preferable.

To do a meaningfulcomparisonwe needto know the frequeny responseandthe impulseresponsef eachof
theselters. First,someexplanationof toolsthatcanhelpgetusthere.

2 Laplace Notation asShorthand

Very simply, the Laplacetransformsubstitutes, the Laplace
transformoperatorfor the differentialoperatord=dt. Then
thes termmaybe manipulatedik e any othervariable.

Thusonewill sees in a controlsystemblock to indicate
differentiatorand1=sto indicateintegrator. Differentiator

The substitutionof s for d=dt leadsto anotherone,s for
j!. Thisis usefulin determiningthe transferfunction of 1
an electricalnetwork, andthenits magnitudeand phasere- - 3 —
sponses.

Thisapproacttanbeusedwithoutany realunderstanding
of Laplacetransformtheory It canberegardedsimply akind
of shorthand.Nonethelessit's a usefultechniquewhenthe
requirements to determinethe frequencyresponsef some
network. In section4 (pagel7)we'll look at obtainingthe time-domairresponsgwhich doesrequiremorein-depth
understanding.

— s —

Integrator

Figure3: DifferentiatorandIntegrator

2.1 A Simple Example: Capacitor Charging Equation

As a rst introductionto theLaplaceoperatois asdifferentiationandintegration,consideithe operatiorof acapacitor
Thebasicdifferentialequatiorrelatingvoltageandcurrentin a capacitoris*:

4A Note on Notation: It is commonto indicatetime domainquantitiesaslower casesuchasv or v(t). We'll usethelatter Commonpractice
is alsoto useuppercasefor the Laplacedomain(akathe complex frequencydomair), suchasV . However, sometimesippercaseis usedfor DC
quantitiesandlower casefor AC quantitiessowe will usev(s) for Laplacedomainto male it very clear British practiceis to usep for s.



o d
i(t) = C v 1)

where:
i(t) Currentin thecapacitoramps.asafunctionof time

v(t) Voltageacrosghecapacitoyvolts,asafunctionof time
C Capacitancefarads

In words, the time-varying currentinto a capacitoris proportionalto the rate of changeof the voltage acrossits
terminals.The constanbf proportionalityis the capacitanc€.

To applythe Laplacetransformto this equationwe replacethe differentialoperatord=dt by s andthevoltageand
currentby their transformedrersions:

Csv(s)
sC v(s) )

i(s)

where: . _ . _ _
i(s) Currentin thecapacitoyamps,n the Laplacedomain

v(s) Voltageacrosghecapacitoyvolts,in the Laplacedomain
C Capacitancefarads

Let'sreversethis andsolve for the capacitooltage:

v(s) = é%i(s) 3)

Now, backto thetime domain:voltageandcurrenttransformto their time-dependenialuesand1=s becomesan
integral:

12z
v(t) = c i(t)dt (4)

Thisis thelongway ‘round.Equation4 couldbe obtaineddirectly by inspectiorof equationl. However, it shovs
a very simpleapplicationof the Laplacetransform: we transformedhe original equationinto the Laplacedomain,
manipulatedt, andthentransformedheresultbackinto thetime domair?.

2.2 Inductor Differential Equation

A similar reasoningprocessanbeappliedto theinductor Thebasicdifferentialequatiorrelatingvoltageandcurrent
in aninductoris:
di(t)
v(t) = L—— 5
(=L (5)

where: .
v(t) Voltageacrosgheinductor, volts

i(t) Currentin theinductor amps
C InductanceHenries

Proceedingaiswe did in the caseof capacitancewe replacethedifferentialoperatord=dt by sandthevoltageand
currentby their transformedrersions:

v(s) Lsi(s)

sLi(s) (6)

5Theresultof equationt assumethatthereis noinitial chageonthecapacitarIf thereis chage onthecapacitomtthebeginning of theintenal
of integration, it mustbe accountedor by anadditionaltermwhichwe mightcall v, .



The reactancef the inductor (analogoudo resistancebut affecting AC currentonly) is the ratio of voltageto
current:

v(s)
i(s)

Inductorsmaythenberepresentetdy inductive reactanceassL 1, sL, andsoon.

sL (7)

2.3 Capacitive Reactance

Thereactancef the capacitoiis theratio of voltageto current:

vis) _ 1
i© T s ©

It's commonto representhe capacitie reactancelirectly on a circuit diagram,so oneseescapacitordabelledas
1=sC,, 1=sC, andsoon. For the purposeof circuit analysisthesereactancemaybetreatedasresistances.
Themagnitudephaseof capacitve reactancarealsorepresenteds

X = j'i 9

wherethevariablesare:

X Capacitve reactanc&ohms
j Imaginaryoperatoy 1
! Circularfrequeng, radlans/sec

Comparingequations8 and 9, it can be seenthat the Laplacetransformoperators can be treatedsimply as
shorthancdhotationfor j ! .
2.4 Summary
Thedifferentialoperatord=dt in a differentialequationcanbereplacedy s. °
Integrationis theinverse:1=s.”
ThelLaplaceoperators mayalsoberegardedasshorthandor theexpressiorj ! .
Capacitvereactanceés 1=sC.

Inductivereactances sL.

6Thisis straightforvard to extend: doubledifferentiationd? =dt? becomes?, andsoon.
“Similarily, doubleintegrationbecomes=s?, andsoon.



3 Transfer Function and FrequencyResponse
Next, we'll developthe magnitudeandphaseresponseurvesfor thelowpassetworksof gure 2.

3.1 Transfer Function of Low PassRC Filter

A simpleRC lowpass lter is showvn in gure 4, wherethe
capacitoiis indicatedby itsreactancd=sC. Letusdetermine

thefrequeng responsef this lter. i
The frequeng responseshaws the relationshipbetween R

outputvoltageandinput voltageasa function of frequeng. %

Consequentlya rst stepis to determingherelationshipbe- e

tweene, ande;. Theresistorandthereactancef thecapac- o

itor form avoltagedivider, sowe canwrite: _|1=sC e’t
. L
e  Z1+Zy (10) I ¢ = 1=RC

where: Figure4: RC LowpassFilter

e, AC Outputvoltagevoltagefrom thecircuit

e  AC Inputvoltageto thecircuit

Z;, Impedancef theupperhalf of the voltagedivider (theresistor)

Z, Impedancef thebottomhalf of thevoltagedivider (the capacitor)

Strictly speakingg, shouldbewrittenase, (! ) orey(f ) to indicatethatthevalueis afunctionof frequeng, but we'll
take thatasunderstood.
Now substituteR for Z;, 1=sC for Z, anddo somealgebra:

1=sC
R+ 1=sC
1
= —— 11
1+ sRC (11)
Now we needto introducesomenew labels.ThequantityRC is importantin thesecircuits: it is known asthetime
constant andwill turnup againwhenwe look atthetime-domairresponsef the Iter.

®|e

= RC (12)
Thenwe couldrewrite equationl 1 thisway:
€ 1

S - 13
o T+ s (13)

We cando even betterthanthis. In the frequengy domainRC is relatedto the corner or cutof frequencyof the
Iter , whichis referredto as! , in radians/seaotationor f , in Hertz (cycles/second)

oo b
1
= — 14
Soequationl3 couldbewritten as:
€ 1
0 - _ - 15
€ 1+ s=l, (15)



This turnsoutto be a usefulform of the equationaswe'll seein asecond It is known asthe transferfunctionor
characteristicequationof the RC lowpassnetwork.
By theway, frequeng in radians/secondndHertzarerelated

lo= 2 fq (16)

Soif you preferyour frequenciesn Hz, you couldrewrite equationl5 as:

€ _ 1
e -

— 17
1+ s=2 f, an

In otherwords, we have threewaysto de ne the cutof frequency by time-constant , by cutoff frequeng !
in radiansper second,andby cutoff frequeny f, in Hertz. All threearein use. Control systempeoplelike time
constantsElectricalengineeraiseradians/secondiudio folks like Hertz.

We'll stickwith theform of equationl5.

3.1.1 Magnitude and Phaseof The LowpassRC Filter

Amplitude,db Phasedegrees
0 T T T 0 R HERRLRARS T T T T
Bl e N L 10k
A0k ............... .............. ................ 20+
A5 ............... .............. ................ 30+
20k ............... ............... ............... 40+
25F ............... ............... ................ 50+
30k R L NG 60l
a5k R L AN 70k
a0k R L Lo 80k : :
s ‘. ‘. ‘. %0 a '. ;
0.01 0.1 1 10 100 0.01 0.1 1 10
Frequeng, ! =! , Frequeng, ! =! ,
(a) Amplitude (b) Phase

Figure5: AmplitudeandPhaseof RC LowpassNetwork

Now we'll put the transferfunction of equationl15 into a suitableform for plotting the magnitudeand phase
responseTo dothat,we substitutg ! for s in thetransferfunction:

€ 1
- = — 18
e 1+jr=l, (18)
Now, the denominatoiis a complex numberwith a real componentl pointing alongthe X axisanda quadrature
part! =! , pointinguptheY axis. (Seesection6.2 on page35 for areview of complex numbers.)
We needto corvert this complex numberfrom its currentrectangularform to polar form. In polar form, the
magnitudds the hypotenusef thetwo rectangulaform vectors:

1
p:
12+ (j! =1 o)?

1

= P (19)

€.
JEJ

100



Thetangentof the phaseangleis theratio of thetwo rectangulacomponents:

& _ 1
1=

e 1 *='o
&  ant e

= tan (1 =1,) (20)
Plotsof the magnitudeandphaseareshavn in gure 5.

It is customaryto plot magnituden decibelsthatis, 20log,,(e,=&) againsthelogarithmof frequeng. Thenthe
magnitudeplots maybe approximatedy straightlines.
Phasds simply plottedversusthe logarithmof frequeng. Noticethatthe frequeng axisis plottedastheratio of

frequeng to thecutoff frequeng in radiangpersecond:! =! ,. Withoutchangethefrequeng axescouldequallywell
betheratio of frequeng to cutoff frequeng in Hertz,f =f.

Thereis muchthatcanbesaidabouttheseplots. Seefor example[5].
Theplotting routinesfor the Gnuplot program.arein section6.3 on page37.
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3.1.2 Measurement

I syscomp USB Digital Storaga Oscilloscape DS0-101°

=101 %

Fie View Tools Hamware Help

Syscomp Digital Storage Oscilloscope
Vertical Controls

H 1

Trigger Controls el

100000

Dlls
s |2
//
2

P
|

3

/
L/ %
/

7 ¥B2
™ Disable it

Triggered

~
+ Sheow Measurements

(a) Waveformsatf o (b) Network AnalyserDisplay

Figure6: RC LowpassMeasurement

Figure6 shavs measurementsn an RC lowpasslter with R = 10k andC = 100nFE. Thecutoff frequeng f o
isthen160Hz.

In gure 6(a),thegeneratowassetto 160Hz. The outputwaveform(smallerof thetwo sinewaves)lagstheinput
by 45 degreesandis smallerby 3dh

Figure6(b) shawvs the resultsof a swept-frequeng measuremenwith the VectorNetwork Analyser(VNA)® soft-
wareoperatingon a SyscompNGM-101waveformgeneratoandDSO-101oscilloscopd11].
Themagnitudeandphaseareaspredictedby the graphsof gure 5.

8A VectorNetwork Analyseris sometimeseferredto asa BodePlotter.



3.2 Transfer Function of Low PassLR Filter

TheLR lowpasslter isshavnin gure 7. Now we'll deter
minethefrequeny responsef this lter. Aswe'll seethisis
very similarto the RC lowpasslter of the previoussection.

The inductor andresistorform a voltagedivider, sowe
canwrite:

4
o - _ ‘%2 (21)
€ Z1+ 2 Figure7: LR LowpassFilter

where
e, AC Outputvoltagevoltagefrom thecircuit

e  AC Inputvoltageto thecircuit
Z1 Impedancef theupperhalf of thevoltagedivider (theinductor)
Z, Impedancef thebottomhalf of thevoltagedivider (theresistor)

Now substitutesL for Z4, R for Z, anddo somealgebra:

R+ sL

1
R — (22)
1+ sk

®|®
Py

Thistime, thewe'll seethatthe quantityL=R is the time-constanbf the network andthe inverseof the lowpass
cutoff frequeng. Consequently = L=R for theLR lowpass.
Thenwe couldrewrite equation22 as:

- 1+s (23)

€ 1
g

A Wonderful Thing happenst this point: this equation23 for the LR lowpasster hasexactly the sameform as
equationl13 on page7, which we previously foundfor the RC lowpass Iter . Consequentlyfor equalvaluesof time
constanthey will haveexactlythe samemagnitudeand phaseresponsg

Consequentlywe cansimply regycle theremainderof the informationfor the RC lowpass ter , recognizingthat
thetime constanfs = RC for theRClowpassand = L=R for theLR lowpass.

3.2.1 Measurement

Forthesemeasurementtheinductoris 30mHandtheresistor2k , for acutoff frequeng f , of 10kHz. Measurements
areshavnin gure 8 onpagell. Basedon theresultsof the previoussection the measurementshouldbe similar to
thoseof the RC lowpasslter , adjustedor thedifferentcutoff frequeng.

The sinewave displayof gure 8(a),takenat 10kHz, is essentiallyas expected. The outputwaveform lagsthe
input by 45 degrees.

TheVNA plot alsoshawvs the expectedbehaiour at low andmid frequenciesHowever, a carefulexaminationat
high frequencieshovs somethingunexpected:the rolloff is slightly morethanthe expected20db/decadeAs well,
the phasés headedor alargeranglethan90 . Inductances oftenaccompaniedby signi cant seriesresistanceind
parallelstraycapacitanc€so-calledparasitic components)sothey maybefactor

9This assumesdeal behaiour of the components.In practice,the componentshave variousforms of non-idealbehaiour, andthat canbe
important.

10
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Figure8: LR LowpassMeasurement

3.3 Transfer Function of a SecondOrder RLC LowpassFilter

Like the RC lter of gure 4, gure 9 is alowpass lter: it passes
low frequenciesvithoutattenuatiorandit attenuatefighfrequencies.
However, the attenuatiorabove the cutoff frequeny occursat twice
the rate of the RC lowpass lter andthereis lessattenuationat the
cutoff frequeng.

Furthermorethe RC lowpass Iter is a r storder lter, because
thelargestpower of sis unity. TheRLC lowpasslter is secondrder,
sinceit containsans? term.

As we did in the previoussectionwe'll developthetransferfunc-
tion andthenmassagé into aform suitablefor plotting thefrequeng
andphaseresponseAgain, this illustratesthe Laplacetransformop-
erators asshorthandotationfor j ! .

Analysis
Treatingthe network of gure 9 asa voltagedivider, the gain of the
network is

Z;
1+ 272>

o9

whereZ; andZ, arethe upperandlower halvesof thevoltagedivider.

Z1 = sL
1

Z = —kR
2 sC

11

Figure9: Second-OrdekowpassFilter




1+ sRC
Thenthetransferfunctionis

R
1+ sRC

sL

®|e

+
1+ sRC
R
sL + s2RLC + R

Now we will manipulatethis equationinto a moreusefulform, in which thethe s? termin the denominatohasa

coefcient of 1. Divide thedenominatoby thefactorR in thenumeratoandthenfactorLC outof thedenominator:
e 1

To - (24)

S N |
LC s+ reSt ic

Now we cansubstitutefor someof thesequantities.Theresonanfrequeng for anRLC circuitis

0 = (25)
sowe cansubstitute 2 for 1=LC in equation24.
We canalsointroducea Q factor, whichis theratio of theresistancén thecircuit to thereactancatresonanceAt
resonanceheinductive andcapacitve reactanceareequal,sowe couldchooseeitherone.We'll chooseheinductive
reactance:

R
= 26
Q=i (26)
Sinceatresonancéheinductive andcapacitve reactanceareequal:
1
" 1,C @7)
Substitutingfor ! ,L in equation26,
Q="!,RC (28)
and 1 |
=0
— =0 2
RC- 0 (29)
Sowe cansubstitutd ,=Q for 1=RC in equation24. Then
1 2
S _ 0 (30)
@ s+ s+ 12
Thisis thestandad form for the 2nd orderlowpasslter .
3.3.1 Magnitude and Phaseof the LowpassRLC Filter
In equation30, movethe! 2 termin the numeratotinto the denominatar
1
S _ . (31)
e S s
St At 1
0 . OQ
Now replaceesachoccurrencefsbyj! . Sincej = 1,j2= 1



Amplitude, d Phase, degrees
20 T ] T 0

10k -20

-40

0
-60

10 -80

20 + -100

-120
.30
-140

401 -160

-50 1 -180

0.1 1 10 0.1
Frequency, ! =! 4 Frequency, ! =! 4
(a) Amplitude (b) Phase

Figure10: AmplitudeandPhaseof RLC Lowpass\etwork

= L (32)

T )
+ —+
13 1.Q

For notationalcorveniencereplace! =! , with the x axis variable,which I' ll call x. Thenx representshe ratio
of frequeng to cutoff frequeng. We couldplot the functionovertherangex = 0:1to x = 10to getanideaof the
responsén thetwo decadesroundthe cutoff frequeng.

Thenwe have

o9

€ 1
e 24 Ly

i X gX 1
Collectingrealandimaginaryterms,we have

_ 1
S ET =

o9

Magnitude

The magnitudes equalto the squareroot of the sumof therealandimaginarycomponentgachsquared.As in the
caseof theRC lIter, we'd like theresultin decibelssowe take 20log, of theresult:

\

€. 4 1
Jg] = 20|0910!fl 5
! 1 X2+ X
(34)
Now, if you considerthat
r - 0 11
logso N log;p @A 2A
1
= §|0910(A)
(35)
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Thenwe canwrite equation34 as:

" "
10log,, (1 x2)2+ % (36)

€.
J e J
Equation36is in aform thatcanbe plotted,asshavnin gure 10(a).

Phase
If acomplex numbera is writtenin rectangulaformatasfor examplea = x + jy, thephaseangleis givenby

6a=tan ! % (37)

wherex is the so-calledreal partandy is theimaginary part. A complex numbermmay alsobe written in polarformat
asfor exkamplea = R6 whereR isthemagnitudeand is the phaseangle.
Thenit canbe shavn (seesection6.2 on page35) that

1
6~ = tan ! Y (38)
X+jy X
Applying this concepto equation33, we have that
€ _ 1 X=Q
6 — =
e tan 1 2 (39)

Equation39is plottedin gure 10(b).
Somepointsof interest:

Thephasechangesrom 0 to 180, passinghrough 90 attheresonanfrequeng! o
The rate of changeof phasein the vicinity of ! , increaseswith increasingQ factor (which correspondgo
decreasingaluesof damping ).

3.3.2 Measurement

The experimentallowpass Iter was constructedaccordingto gure 9 on pagellwith L = 30mH,C = 1 F
R =620 1°
Thenthe cutoff frequeng f , for the Iter (equatiorn25)is:

Since! , = 2 fg, then

TheQ factor(equatiorn26) is:

R 620
= — = = 3:58
Q=T.L~ 2 910 @ 109

10The waveform generatohasan internalresistancef 75  that shouldbe taken into account. However, it turns out this resistancés small
comparedo the circuit impedancesnddoesnot have a major effect on the circuit operationso for our purposesanbeignored. If thereis ary
doubtin thematter its effect mustbeinvestigated.

As well, theinductorhassomeDC resistancendthe capacitorsomeESR (equivalent seriesresistancejhat shouldbe taken into accountin a
completelypreciseanalysis.Thesealsohave beenignoredin this measurement.

Includingthesecomponentén theanalysiscomplicatest to thepointthata circuit simulationis probablythe mostef cient approach.

In ateachingervironmentsuchasanEE lab, it' supto thedesigneof themeasuremerexerciseto ensurahattheseso-calledparasiticcomponents
do notobscurehebehaiour thatis beingillustrated.
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(a) Waveformsbelaw f o (b) Waveformsatf o

(c) Waveformsabove f o (d) Network AnalyserDisplay

Figurell: RLC LowpassMeasurement

We expectto seea lowpass Iter thatrolls off above 919Hz with a signi cant peakin the region of the cutoff
frequeng.

The measuremermesultsareshavn in gure 11. Figure11(a)showvs the waveformsbelow cutoff frequeng. As
expectedthey arein phaseandnearlyequalin magnitude.

Figure1ll(b)shavsthewaveformsatf ,, thecutoff frequeng. Thewaveformsare90 outof phaseandthe output
is largerthantheinput, dueto peakingatthis frequeng.

Figure 11(c) shavs the waveformsabove cutoff. The outputis now 180 out of phasewith the input andmuch
reducedn magnitude.

Figure 11(d) shows the network analysemeasurementAs expected thereis peakingaroundf , andthe output
dropsat40db/decadabovethecutoff frequeng. Thephasealisplaycanonly accomodatarangeof +90 to 90, so
we seeanabruptchangen phaseattheresonanfrequeng. At high frequenciesthe phaseshiftis 180 asexpected.
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3.4 Transfer Function of the Two Stage(SecondOrder) RC LowpassFilter

The two-stageRC lowpass Iter is shovn
in gure 12(a) and a rearrangemenfor
analysisn gure 12(b).

We can treat this network as a two-
stagevoltagedivider. Working backward
from outputto input:

The output voltage e, is divided
down from the intermediatevoltage

|
|
R1 R2 :
e, by resistorR, andcapacitorC,. ,}'—\/\f _|r_c 4% Jr_c i ! !
1 2
The intermediatevoltage e, is di- e & : /E /[; : |
videddown from g by avoltagedi- | T /1: vz K
vider consistingof resistorR; and o .
the network Z. The network Z is (8) Circuit (b) Analysis

composedf capacitorC; in paral- Figurel2: 2ndOrderRC LowpassFilter
lel with the seriescombinationof R, andC,.

After muchalgebraiccrank-turningwe obtain:

2 3
€ _ 9 1 g 1
P 40
& "o, (RICFRiICI+RCy), 1 RiR2C1Cs (40)
R1R2C1C, R1R,C,C,

On mostoccasionstheresistorsaandcapacitorareequal,solet usmalke:
Ri=R,=R;C;=C,=C

Many thingscancelat this point, andafter somecosmeticsurgerywe have asaresult:

€ _ R2C2

— = (41)
€ s2 + %s+ —Z—ZR]-C

This is similar to somethingwe've seenbefore,the standad form of the second-ordelowpasstransferfunction,
equation30 on pagel?2. Hereis the standardorm again:

1 2
S _ Lo (42)

€ 32+€s+!§

Equation41 is equivalentto the standardorm of equatior42 if we make:

1 1
o= e Q7 3

Thenthe magnitudeandphaseareasshowvn on the plots for the standardorm, gure 10 onpagel3. In thecase
of thetwo stageRC lowpassthevalueof Q is 1/3whichis oneof thetracesn gure 10.

Now let's think aboutwhatthis means.Ideally, we'd like our Iter to have no attenuatiorin the passbandbelow
thecutoff frequeng) andmuchattenuatiorin the stopband(above the cutoff frequeng).

Accordingto gure 10thatidealis achievedmostcloselyfor thesecond-ordelowpassliter whenthetheQ value
is aboutl. Theresponsalropsat40db/decadabore the cornerfrequeng andthe attenuatioratthe cutoff frequeny
is approximatelyzero.

In contrast,the dual-sectionRC Iter makesthe transitionvery graduallybetweenpassbanand stop band. It
attenuateshe signalby 10 db at the cutoff frequeng. It is only attentimesthe cutoff frequeng thatthe attenuation
rateapproached0db/decadeSothedualsectionRC lter is notagreatperformerin thefrequeng domain.
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4 Time Domain Response

In section3 we determinedhe frequeny responséehaiour of thesefour lowpass lters. Conceptuallywe would
applyto theinputof the Iter asinewave of variousarbitraryfrequencieandthenmeasuregherelationshipbetween
theinputandoutputsinewavesatthesefrequencies.

Thesubstitutionave usedareusefulin determininghe frequeng responsef networks. Thatwork requiresafair
amountof algebrabut nothingnew relatingto the Laplacetransform.

Now we will considemwhathappensvhenwe applyvarioussignalsthatarearbitraryin thetime domain:thatis,
they have arbitraryshapesThe Laplacetransformis particularlyusefulfor this type of analysiswhenit is necessary
to determinghetime-responsef a particularelectricalcircuit.

1. Chooseaninputsignal: step,ramp,sine,whatever.

2. Determinethe Laplacetransformof the input signal. Someinput signalsaresimpleenoughthatthe transform
is known. For example,the Laplacetransformof the unit impulseis simply 1. The Laplacetransformof the
unit stepis 1=s. In othercasesa morecomplex signalis speci edin the problemandsomework is requiredto
determinehetransform.

3. DetermingheLaplacetransformof the network transferfunctionaswe shavedin section3.1andsection3.3.1.
This canusuallybewritten out by inspectionof the circuit.

4. Multiply theinputsignalof step2 by thetransferfunctionof step3 to obtainthe Laplacetransformof theoutput
signal.

5. TaketheinverselLaplacetransformof the outputsignalto obtainthe outputvoltageasa functionof time.

Next, we introducetwo usefultoolsfor this type of analysis:a computeralgebra program(Maxima) (section4.1)
andatableof Laplacetransformgqsectiond.2).

In sections4.3, 4.5 and 4.5 we usethesetools to develop the Laplacetransformsof theimpulse,stepandramp
inputsignals,or forcing functionsasthey areknown.

Thenwe apply eachof thesesignalsto the RC lowpassnetwork anddeterminethe resultantoutputvoltage-time
signal.

4.1 Computer Algebra: Using Maxima

A computeralgebra system(CAS) [2] manipulateghe symbolsof mathequationsaccordingto therulesof algebra,
calculusandotherbranche®f mathematicsA computeralgebrasystemcanremove muchof thelabourfrom Laplace
andInverselLaplacetransformsin this paperwe usethe open-sourc€AS Maximaprogram( gure 13).1

A list of alternatve CAS programssin [3].

Apartfrom afew introductoryexamplesgivenbelow, we shav only commandghatarerelevantto the businessat
hand.A completemanualfor Maxima (860 pages!)is availableatthe Maximahomepage[4].

Herearesomeexamplesof Maximaatwork:

Big Numbers

The (%i28) and(%028) areMaximainputandoutputprompts.
(%i28) 127°26;
(%028) 1144754599728281555215581184

IMaximais roughly comparabléo the proprietaryprogramsMathematicaandMaple Notice that Matlab andopen-sourcequivalentOctave
(widely usedin universitiesfor simulationof electronicsystemsj)s (to quoteWikipedia): a numericalcomputingervironmentand programming
language. In otherwords, Maxima, Mathematicaand Maple work with symbols. Matlab and Octave work with numbers.For a general-purpose
solution,nottied to speci c valuesin thecircuit, you needa programthatworkswith symbols.
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Figure13: MaximaScreerShot

Solving an Equation

First,we de ne theequation

(%i24) a*x"2+b*x+c;

(%024) ax?+ bx+ c

Thenwe askMaximato solveit. The% symbolmeansthepreviousequation'.

(%i25) solve  (%,x);

| O —

[ S
— b2 4actb.,, — b2 4ac b
(%025) [x = > (X = Tt —2]
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Differ entiating

(%i30) diff  (cos(x),x);
(%030) sin(x)

(%i32) diff  ((sin(x))"3,x);
(%032) 3 cos(x) sin(x)2
Integrating

(%i31) integrate(-sin(x),x);
(%031) cos(x)

Complex Math

(%i is thecomplex operatoralsoknown asj .)
(%i33) rectform(5.0 [ (3.0+2.0*%:i) + 4.0 /| (8.0*%i+5.0));
(%033) 1:37856525496849 1:12878133102852i

4.2 Tableof Transforms

Description Time DomainFunction | LaplaceTransform
1 | Impulse (t) 1
. 1
2 | Unit Step u(t) S
: 1
3 | Unit Ramp r(t) 2
. R 1
4 | Integration f(t) gF (s)
. - d
5 | Differentiation af (t) sk (s)
6 | Linearity kf (1) kF (s)
. . 1
7 | Exponential exp S
8 | Superposition Af (t) + Bg(t) AF (s) + BG(s)

4.3 Forcing Function: Unit Impulse

The simplestforcing functionis the unitimpulse (t). Thetheoreticalabstractiorof the unit impulseis a pulsewith
areaunity, zerowidth, andin nite amplitude?.

Oneway to think of theunitimpulseis shavnin gure 14(a).A unitimpulseis thelimiting caseof apulsethatis
reducedn durationwhile keepingthe areaunchanged.

Anotherview is shavn in gure 14(b). The unit impulseis the slope(differentiald=dt) of therising portion of a
unit stepwaveform. As the slopeincreasesthe width of the unitimpulsedecreasewhile its amplitudeincreaseso
maintainunity area.In thelimit, astherising portion of the stepapproachesertical,the unitimpulseapproachethe
theoreticalbstractiorof zerowidth, in nite height,unity area.

Whenis the unit impulseuseful?The LaplaceTransformof the unit impulseis simply 1. As aresult,if you apply
aunitimpulseto a systemthenthe outputis the systentransferfunction. This makesit very simpleto determinethe

125eefootnoteon page3 for explanationof thetermsmagnitudeandamplitude
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Area=1

v(t) v(t)

v(t) =T
14+

] d
Area=1 dt

=R |

dt
—=
t t
——f ——f
W W
t ("
(a) Impulse (b) ImpulseandStep

Figurel4: ImpulseSignal

transferfunction: apply animpulsesignalto theinput andrecordthe output. Thatis the transferfunctionin thetime
domain.

For example to measurehetransferfunctionof amechanicasystermapplyanimpulseby hitting it with ahammer
Recordthe output. Now, thisimpulseis probablynotideal: it has nite durationand nite amplitude.However, if the
pulseis shortcomparedo ary of thetime constantsn the systemthenit will appeaasanimpulse.

With thetime-domainresponseo aninpulseinput you canhave enoughinformationto determinethe responsef
asystemto anyinputsignal,

1. Apply animpulseto the systemandrecordthe correspondin@utput. Thisis thesystemimpulseresponsén the
time domain.

2. Usethe Laplacetransformto corvertthis time-domainsystemimpulseresponseo the Laplacedomain.

3. Chooseaninput signalandobtainits Laplacetransform.Multiply the Laplacedomainimpulseresponsdy the
Laplacedomaininput signal. This yieldsthe Laplacedomainoutputsignal.

4. TaketheinverselLaplacetransformof this outputsignalto determinehe outputsignalin thetime domain.

The impulsetechniquecannotbe usedin somepracticalapplications. Perhapghe systemcannotbe disturbed
with animpulse.Or animpulsedrivesthe systeminto non-linearbehaiour. Or it maybethatthereis a signal-noise
problem: the outputsignalis too weakat the maximumallowableimpulsesignal. In thosecasesgross-corelation
may be moreuseful. Low-level randomnoiseis fed into the system.The outputsignalis cross-correlatedgainsthe
input. Theresultingcorrelationfunctionis theimpulserespons®f the system.

Theamplitudeof animpulsemaybe scaledby somefactorK . Thenthe Laplacetransformof the scaledmpulse
isK 1=K.

It is abit tricky to prove thatthe Laplacetransformof the unit impulseis 1. Maximais not muchhelp. A proofis
shawvn in section6.4 on page39.
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v(t) v(t)

4.4 Forcing Function: Unit Step A

The unit stepis shovn in gure 15. A stepwaveform of 14+
height1 unit is the time integral of a unit impulse. In the d
Laplacedomain,integrationis accomplishedy multiplying R 1T
by 1=s. Consequentlythe Laplacetransformof the unit step dt
is 1=stimesunity, or 1=s. I

We canobtainthe sameresultusingthe de nition of the t=0 t=0
Laplacetransform,asshawn in section6.5 on page40.

Or we canuseMaximato do this. Fromthe Maximamanual: Figure15: Unit Step

laplace(exprt,s) attempts to compute the Laplace transform  of expr with respect to the
variable t and transform variable S.

In this case a unit step,expr is simply 1.
(C22) laplace (1, t, 5s);
(D22) -

This alsoworksin reverse.Again, from themanual:

ilt(exprs,t) computes the inverse Laplace transform  of expr with respect to the t and
variable S.  expr must be a ratio of polynomials whose denominator has only linear
and quadratic factors.

Thistime, expr is 1=s andtheinversetransformyieldsa unit stepwaveform.

(C21) it (s, s, )
(D21) 1

In practice waveformsarerarely oneunit in amplitude,in which casethe amplitudeof the stepmaybe scaledby
somefactorK .

4.5 Forcing Function: Unit Ramp

v(t) v(t)
The unit rampis shavn in gure 16, arampwaveformof 1
unit increaseper unit of time. As the stepwaveformis an 7
integral of theimpulse,sois therampanintegral of the step.
Again,in theLaplacedomainintegrationis accomplishedy 1+ — Lo ‘
multiplying by 1=s. Consequentlythe Laplacetransformof % :
theunit rampis 1=5°. -~w
This is con rmed by Maxima, for the transformandin- dt

versetransform: - ¢
(C15) laplace(t,t,s); t=0 t=0 t=1

1 Figure16: Unit Ramp
(D15) -

2

s
(C14) it (1/s°2, s, t)
(D14) t
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As in the caseof theimpulseandstepwaveforms,the magnitudeof therampmaybe scaledoy somefactorK .

4.6 Unit Impulse and RC Lowpass

Now we arein a positionto analysesomesimple circuits.
Our rst caseis to determinethe outputsignalwhenthe RC %R
lowpasslter is drivenby a unitimpulse. e
TheLaplacetransformof the transferfunctionof the RC () ' I
lowpasslter wasderivedpreviously asequationl3 onpage c )
7. ;‘: €
& 1 :
e  1+s (43) = RC;!¢ = 1=RC

TheLaplacetransformof the outputsignalis the product _ )
of theinput signal(unity) andthe transferfunction, equation Figure17: Impulsewith RC Lowpass
43. To nd the outputsignalasa function of time, we need
the inversetransformfor equation43. Therearetwo ways
to do this: with the computeralgebrasystem(Maxima) and
manually with atableof transforms.

4.6.1 InverseTransform, Using Maxima

Maximacan nd theinversetransform:

(C18) it (a/(s+a), s, 1)
- at
(D18) a %E

where%kEis theconstane. Backsubstitutea = 1= andwe obtain:

t
&) _ 1 -
m - —e (44)

4.6.2 InverseTransform, Using Tables

Consultingthetableof Laplacetransformgsection4.2 on pagel9), entry 7 looksasif it might beuseful.

1

at
4
S a$ € (45)
We'll manipulateequation43into thatform.
&(s) _ 1
1+
e (s) 5S 1
- 1B 1K (46)
s+ =

Then 1= in equationd6is equivalentto a in thetransformpair of equatiord5. We alsohave a leadingconstant
1= in equatior46 to take into account.Accordingto entry 6 of thetable,this remainsunchangedrom the Laplace
to thetime domain.Thentheinversetransformof equatio46 is:
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e (t) 47

which matchesquatiord4.

v(t) t

K
&(t) = —e
Ving = K = RC

0:368Vinit

(a) TheoreticaWaveform (b) DSO-1010scilloscopeDisplay

(c) DisplayMagni ed (d) WGM-101GeneratofSettings

Figure18: ImpulseandRC Lowpass

4.6.3 Measurements

Figurel8(a)shavsthetheoreticalesultof animpulsemeasuremerndn anRC lowpassetwork. Theinitial magnitude
of the outputwaveformis equalto K=, whereK is the areaof the impulsein volt-secondsaand is RC, thetime
constanbf the network. After theinitial output,the outputdecaygo 1=eof its original valuein onetime constant.

Figure 18(b) shavs an impulse measurementn an RC lowpassnetwork with R = 9880 (10k nominal),
C=95.6nF(100nFnominal). Thenthe time constantor this networkis = RC = 9880 (95:6 10 °) =0.944
milliseconds.

23



We mustcheckthe sourceandloadimpedancef the measuringequipmento determinghatit doesnot affectthe
measurementT he outputimpedanceof the generatoiis 75 , muchlessthantheresistancesoit may be neglected.
Theinputimpedancaes theoscilloscopas 1M k 20pF, againlarge enoughto be neglected.

In orderthattheinput pulsebe considerednimpulse the pulsewidth mustbe muchlessthanthetime constanof
thenetwork andtheremustbe sufcient time for the outputtransiento die away. In this casethe generatois setto a
duty cycle of 1% whichyieldsa pulseof width 50 Sec,onetenthof thetime constantTherepetitionrateis 200Hzso
thetime betweerpulsesis 5msec5 time constantsThe pulseis unipolarsothe generatooutputis offsetby +4 volts
with a pulseamplitudeof 8 volts peak.

Figure18(d)shavsthe controlsetupfor the generatar

Results

Figure18(b)shovsthe measurednputimpulse(uppertrace)andoutputwaveform(lowertrace).

The measurementursorsand adjustabletrigger point of the DSO-1010scilloscopemake it very corvenientto
measurghe voltageandtime valuesof the outputwaveform.

Theinput areaof the pulseis 8 volts timesthe pulsewidth of 50 Secfor atotal of 400 10 © volt-seconds.
This is the value of K in the equationof gure 18(a). Thenthe peakvalue of the output pulseis theoretically
Vit = K= = 400mV. Themeasuredalueis 465m\.

The outputwaveform shoulddecayto 1=e = 0:368 of its original valuein onetime constant0.944mSedn this
case.n fact,adecayfrom 465mVto 173mVoccursin 870 Sec.

Figure 18(c) shavs an expandedview of the pulseinterval. Notice how the capacitorvoltagerampsup during
the pulse.During the chaging interval the waveformis exponentialbut becausehe capacitonvoltageis alwaysmuch
lessthanthe pulsevoltage thevoltageacrossheresistoris approximatelyconstantaindthe capacitorchaging current
is approximatelyconstant. As a result, the capacitorchaging waveform is approximatelylinear. This is a useful
approximatiorto keepin mind for somecircuit analysisproblems.

4.7 Unit Stepand RC Lowpass

Now we'll determinethe unit stepresponsef the RC low- R
passlter, gure 19. %
Again,we startwith the Laplacetransformof thetransfer 1 N
functionof the RC lowpasslter , equationl3: s <I> I
c 4
€ 1 .~ €o
— = 48
- T (48) r
Again, it looksasif thetransform = RC:1.= 1=RC
L $ et (49) - :
s a Figure19: Stepwith RC Lowpass
might be useful. Rearrangequatiord8 andput1l= = ato

simplify thenotation:

€& _ a

e a+s

(50)

Theoutputsignalasa functionof timeis theinverselaplacetransformof the productof the unit stepinput signal
(1/s)andthetransferfunction,equations0.

&(t)
e (t)

Now we must nd thisinversetransform.We'll shov two methodsa computerlgebramethodusingMaximaand
amanualmethod.

= L

1 a
1

— 1

- (51)

ats
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4.7.1 Method 1: Using Maxima

Equation51is of theform
a 1

S S+a

wherea = 1= . Hereis Maxima nding theinversetransform:

(C25) li( (als)*(1/(s+a)),s,t);
- at
(D25) 1 - %E

Backsubstitutea = 1= andtheresultis:

&(t) _
a(t)
This equationis the time responseof an RC lowpassnetwork to a unity-stepinput. If the stepis K volts in
magnitudethentheresponsés multiplied by K .

1 ebF (52)

4.7.2 Method 2: Using Transform Table Entry

Hereis the manualmethod.It's alot morework thanusingMaxima, but nothingis hiddenbehindthe curtain'.

We begin with equation51. We needto apply partial fraction expansionto getequation51 into a suitableform
for thetransformsn thetable(section4.2). Maximacando partial fraction expansionsput we'll do it manually In
equation54 we reorganizeequations1 into the sumof two terms. Eachdenominatois onethathasa recognizeable
entryin thetableof Laplacetransforms Now we needto determinghe numeratorx andy to satisfythis form.

It'salsoa goodideato move the numeratoiconstant out of the partial fraction expansion(aswe'll seelater),so
we'll dothatnow.

1 a .1 1
s a+s s a+s
X
= a2+ (53)
s a+s
xa+ xs+ ys
- aa — =
s(a+ s)
xa+ s(x +
= a M (54)
s(a+ s)
Comparingthe numeratoof equations54 with the numeratoiof equation51, we canwrite the following:
xa = 1
1
Xx = = 55
S (55)
Also, sincethe s termin the numeratotin the numeratoof equation51 is non-&istent:
x+y = 0
y = X
1
= — 56
S (56)

Checkthesevalueshy back-substitutingor x andy in equations3:
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1 a X y
—_ = a —
sa+s s a+s
1 11
= a —+ —
as aa+s
a
= — 57
s(a+ s) 7
Thiscon rms thatx andy arecorrect.Now we canproceedwith theinversetransform.
&) _ L1 a 1
e (t) a+s s
1 1
= L 1a i
as a(a+ s)
1 1
= Lt = (58)
s (a+5s)

Consultingthetableof Laplacetransformgsection4.2 on pagel9), entry 8 indicatesthateachof thesetermscan
betreatedseparatelyAccordingto entry 2 of thetable,the 1=s termtransformso 1. The 1 termin the numerator
is a constantso it transformsunchanged.The 1=(a + s) termtransformsto e 2. Puttingthis togetherand back
substitutingl= = a, we have:

&) _ L1 1 1
e (t) S a+s
= +1 le ™
= 1 et (59)

whichis the sameresultthatMaximafoundfor usin equation52.

4.7.3 Sanity Check

It'salwaysagoodideato checkthereasonablenesd anequationagainsthe physicalbehaiour of thecircuit.

Whentheunity-valuestepis appliedto the RC lowpasscircuit, the capacitowill begin to chaigeandthatprocess
will continueuntil the capacitorvoltageis equalto theinputvoltage.Let's examineequationb9to seeif thatis true.

At timet = 0, theexponentiaterme = isthene® = 1, sotheoutputvoltageis zero.

At timet = [VeryLargeValueComparedo ], thene [Lar@eValu@ g angthe outputvoltageis equalto the
inputvoltage.

Both of theseagreewith the physicalsituation.

We couldalsoputt = in which casethe outputvoltageis 1 e * = 0:633 Thatis, the chaging is 63%
completeafteronetime constant.

4.7.4 Measurements

Figure 20(a) shaws the the theoreticalstepresponsef an RC lowpassnetwork. The outputvoltagerisesup to the
input voltageat a rate de ned by the time constant. Figure 20(b) shavs the measuredesponsef an RC lowpass
network to a5 volt inputstep,whereR = 2:075 andC = 1 F ThetimeconstanisthenRC = = 2:075msec.At

63%o0f the nal voltage(3.15volts)thetime elapseds about2msecaspredicted.
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(a) TheoreticaWaveform (b) DSO-101ScopeDisplay

Figure20: StepandRC Lowpass

4.8 Unit Ramp and RC Lowpass

Now we'll dotheunitrampresponsef theRClowpassilter .
Again,we startwith the Laplacetransformof thetransfer
functionof the RClowpasslter , equationl 3:

%R
oI BN

€ _ 1 |c /r
e  1+s (60) ™ o
Again, it looksasif thetransform r
1 = RC;! ¢ = 1=RC
n $ e (61)
Figure21: Rampwith RC Lowpass
might be useful. Rearrangequatiord8 andput1l= = ato
simplify thenotation:
% = a (62)
€ a+s

The Laplacetransformof the input ramp signalis 1=s>. The outputsignalasa function of time is the inverse
Laplacetransformof the productof theinputsignalandthetransferfunction,equation63.

t 1 a
eo( ) - L 1~ (63)
e (t) s2 a+s
It simpli es thingsto movethea termin the numeratoioutin front of the expressiorasa constant.
t 1 1
€(t) = L lag = (64)
e (t) s2 a+s
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4.8.1 InverseTransform, Using Maxima

Maximacan nd theinversetransform:

(C26) ilt(  (al(s"2))*(1/(s+a)),s,t);
(b26) e +t - -

Backsubstitutea = 1= andrearrangethenwe v(t)
have:

&(t) _
a(t)

Thisequatioris thetimeresponsef anRClow-
passnetwork to a unity-rampinput. If therampis
K volts/secondn magnitude thenthe responses
multiplied by K (. gure 22).

Let's think aboutthis equation. It saysthatthe t=10
ramp input generatesa ramp output minus some-
thing. Looking at the somethingpart, the expo-
nentialterm disappearsastime becomedarge. In
other words, everything after the ramp eventually
becomesa constantequalto . So the outputtracksthe input with a constantdifference(control systemspeople
would call thisanerror) of = RC.

1 e® (65) &) =K4t (1 e )5

|
T
<——=>
t=RC

Figure22: RC LowpassOutputvs Time with RampK t Input

4.8.2 InverseTransform, Using Algebra and Transform Table

We canobtainthe sameresultby hand.Startwith equation64 above.
If we extracta 1=s term from the right side, thenwhat remainsinside the squarebracletsis somethingwe've
alreadydone:

&t _ 121 1
e(t) s s a+s

We previously shaved (equationb8) thatthe expressiorinsidethe squarebracletscanbe expandedn fractionsas
follows:

(66)

1 1 1 1
- = = 67
s a+s as a(a+ s) €7)
Backsubstitutefrom equation67 into equation66 andwe have:
& (t) L1 a 1 1
e(t) s as a(a+s)
= L 1 } 1‘ 1
s s (at+y9)
1 1 1
= L 1= Z
s2  s(a+s) (68)

We cando the samesubstitutionon the secondermin theequation againfrom equations8:
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eo(t) p11 1

& (t) 2 s(ats)
= L 1 - i ;
s2 as a(a+s)
= L 1! i1 + 1 (69)

s2 as a(a+s)

Now we canproceedwith theinversetransform.
Consultingthetableof Laplacetransformgsection4.2 on pagel9), entry 8 indicatesthateachof thesetermscan
betreatedseparately

1
L? al (70)
Thisis therampsignal.
L ! i = } (71)
as a
1 1 1
L 1= = Ze (72)
a a+s a

Puttingthistogetherandbacksubstitutingl= = a, we have:

& _ .12 12, 1
e(t) s2 as a(a+s)
=t filea
a
=t 1 et (73)

This matchegheresultobtainedusingMaxima.

4.8.3 Measurement

Figure23(a)shavs thethetheoreticarampresponsef an RC lowpassnetwork. This measuremernequiresa wave-
form thatincreasesluring a rampinterval of time andthendropsbackto zeroduring a resetinterval. Triangleand
savtoothwaveformscommonlyavailablefrom functiongeneratorprovide arampbut notthenecessaryesetinterval.
In this case the necessaryamp-resetwvaveformwascreatedwith equaltime assignedor therampandthereset.
TheWavemaler utility programwasusedto draw thewaveform'3, Thenthis waveformwasloadedinto theWGM-101
waveformgeneratarTheDSO-101canthenreproducehisarbitrarywaveformatthedesiredrequeng andamplitude.
The outputvoltagerisesat the samerateasthe input, but delayedby onetime constant.Figure 23(b) shows the
measuredesponsavhenthetime constanis RC = = 945msec.Themeasuredlelayis 937msec.

Bwavemaler is availableasa free dowvnloadfrom the Syscompwveb pagein the Downloadssection.
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v(t)

(a) TheoreticaWaveform (b) DSO-101ScopeDisplay

Figure23: RampandRC Lowpass

4.9 Two Stage(SecondOrder) Lowpass,Impulse Response

In section3.4 we shoved the frequengy domainanalysisof
thetwo stageRC lowpasslter of gure 24.
Wefoundthatthetransferfunctionis asecond-ordelow- R1 Rz

o AN r
passlter with aQ factorof 1/3. Now, in accordancevith our 1 cl\N\ JEZ )
original scenarigqsectionl.2),let usinvestigataheeffective- e o
nessof this lter in attenuatinga noisespike. | /[ /|r\

We canapproximatea noisespike by anidealimpulse,so
we needto know theimpulseresponsef the Iter. Theim- Ei 24 2nd OrderRCL il
pulseresponsés theinverselLaplacetransformof thetransfer Iguresa. ndOrder owpassilter
function. Hereis how we useMaximato determinghat:

1. We enterthetransferfunctionof the second-ordeRC lowpassequatiord?2). In this equationw represents ,:

(%i48) W 2/(s"2+(w/q)*s+w"2);

2. Maximaformatsandechoeghis back:

w2

(%6048) Wt SE g s

3. Weenterthecommando nd theinverselLaplacetransformof the previousequation:
(%i49) ilt(%,s,t);

4. Maximaasksin effect whetherthe transferfunctionis overdampedcritically dampedor underdampedif the
functionis underdampedheimpulseresponsavill beoscillatory thatis, therewill beovershootandringing.

Is(2q 1) (2q+ 1) w?positiv e;negativ e;orzero?

In this casetheQ factoris 1=3, sothe correctanswelis negative
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negative;

. Maximanow determinesheinverselLaplacetransform.

tw P
2qwe 24 sinh W
(%049) p—
1 4¢?
Thisis thetime-domainresponséo animpulse.
. We cansimplify this equationsomeavhatbeforeplotting:
Replacen(= ! ;) with 1=
SubstituteQ(= q) = 1=3in theexpression
1P —
— 1 4Q2=11
2Q Q 3
Thenwe obtainthe muchmoremanageable:
2 , 52 L1a 3
= Z4_—_ - 5
f(t) 1:13e sinh (74)

. Replace= by thevariablex, sothehorizontalaxisis unitsof time relative to thetime-constant.
. Plotthe amplitudevs time with Gnuplot or someequialent. The resultof plotting the quantity within the
squarebracletsof equation74 is showvn asthe solid-linetracein gure 25.

As in previouscasesthisassumeanimpulsesignalthathasanareaof 1 volt-secondIf that'snotthecasethen
theoutputmustbescaledby K , whereK is theareaof theimpulsein volt-seconds.

Relative [ _' ] 3 _1 _'
Response : : : : :

f(t) ; ; ; . .
08 - .......... S SEEEEEEEEEE ............. EEE R e —]

06 ...... SRR EERRT SRR ST o SRR .

Time, Time Constants t=

Figure25: ImpulseResponsef 2nd OrderLowpassFilter
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4.10 Comparing the Filters

Now we arein a positionto comparethe single-stagé rst-order) RC lowpasswith the two-stage(second-orderRC
Iter . We'll assume unitimpulseinputsignal.

The responsef a singlestageRC lowpass lter wasshowvn in gure 18(a)on page23. Assumea unit impulse
(K = 1) andregroupthe equationfor comparisorpurposes:

2 3
1 L
f(t) = 4e 5 (75)
As we did with equation74 we canputt= = x andplot everythinginsidethe squarebracesThisis shavn asthe

dashedracein gure 25.
Two thingsareimmediatelyevident:

thesecond-ordeRC lowpasds muchmoreeffective (by afactorof four, approximately}hanthe rst-order RC
lowpassn reducingthe amplitudeof a noisepulse.

theleadingedgeof the second-ordeRC lowpasspulserisesat a muchlower rate. This could be signi cant if
the Iter is beingusedto reduceelectricalnoise whichis oftenrelatedto therateof changeof signals.

It shouldbe emphasisethatthis is an analysisof ideal componentandthe non-idealbehaiour of capacitorsn
particularshouldbe consideredn the designof aneffective noise lter . For example the equivalentseriesresistance
of acapacitorandits leadinductancemayimpactits effectivenessn this application.

As a practicalconsiderationthe two seriesresistoranustbe proportionedsothey do not causesxcessve voltage
dropfor the DC current.

5 Arbitrary Waveforms

To this point, we have assumedhattheinput signalis animpulse,stepor rampfunctionof time. Not infrequentlyone
would like to determinetheresponsef anelectricalcircuit to somearbitraryinputwaveform. Thenit is necessaryo
obtainthe Laplacetransformfor thatinput waveform. In this sectionwe show variousexamplesof suchwaveforms.
We will needtwo tools: thelinearity propertyandthetime-shiftingproperty

5.1 Linearity Property
Thisis straightforvard. Thetransformof thesumof two time functionsis equatlto thesumof theindividualtransforms.
Lfo(t) + f2(t)g= fa(s) + fa(s)

Thento determinghe Laplacetransformof sometime function:

breakit upinto asumof simplercomponents

determinehetransformof eachof thesecomponents

addthetransformedcomponents

More generallythesecomponentganbe scaledby constantsthatis:
L faf,(t) + bfa(t)g = af1(s) + bfa(s)

wherea andb areconstants.
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(t) f(t)

0 1 t 0 a t
Lu®) = ¢ Luit a)y=e 3

0l

Figure26: Shift Property

5.2 Time Shift Property

Thetime shift of atime functionf (t) by anamounta in the positive time directionis equivalentto multiplication of
the Laplacetransformf(s) by e 2s.

Theexampleof gure 26 showvsthe Laplacetransformof a stepfunctionthathasbeentime-shiftedby anamount
a.

5.3 Example: Square Pulse

f(t) f(t)

u(t)

Figure27: PulseWaveform

Figure 27 shavs how a pulsewaveform may be constructedy addingtogethertwo stepfunctions. A positive
unity stepinitiatesthe waveform. After sometime a an equalnegative stepbringsthe waveformbackto zero. The
time domainfunctionis:

f(t)=u(t) ut a) (76)

Now we can nd the Laplacetransformof eachof thesestepwaveforms. From section4.4 the transformof the rst
stepfunctionis:

Lf u(t)g= % (77)
Thesecondstepwaveformis multiplied by aconstant 1 andshiftedby anamounta, sothe Laplacetransformis:
Lf u(t ag= e & % (78)

Puttingthesetwo togetherwe have
Lu(t) u(t a)= 1%% (79)

14Figure25shavs anin nite rate-of-riseof thevoltage.In practice therateof riseis determinedy theamplitudeof thepulseandthe RC values,
asshavnin gure 18(c)onpage23.
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5.4 Example: Triangular Pulse

A triangularpulseis shavn in the upperhalf of gure 28.
Davis [12] suggestshe following clevertechniquefor deter
mining the Laplacetransformof this waveform.

Recall that a ramp waveform is the integral of a step
waveform,which is in turn theintegral of animpulse. Then
arampis the doubleintegral of animpulse. In the Laplace
domain,integrationis accomplishedavith a multiplicationby
1=s. Sotheupperwaveformin gure 28 may be considered
the doubleintegral of the lower waveform, a seriesof im-
pulses.

The rst unitimpulsestartsa unit rampwhich runsfor 1
second.The secondmpulse,amplitude-2 units, cancelghe

rst rampandcreatesa negative-goingunit ramp. Thatruns
for afurtherseconduntil it is cancelledoy the third impulse,
which createsa positive unit ramp.

Impulsesare easyto dealwith sincethe Laplacetrans-
form of aunitimpulseis simply 1. Thenthe rst impulseis +1.

Thesecondmpulseis -2 shiftedby onesecond: 2e 1S

Thethird impulseis +1 shiftedby 2 seconds*1e 25.

Puttingthis togetherthe Laplacetransformof theimpulsess:
f(s)=1 2 S+e %

TheLaplacetransformof thetrianglepulseis the doubleintegral of this:

2

Figure28: TriangularPulse

A similartechniguethesingleintegrationof a seriesof impulsescouldbe usedto createa steppedvaveform.
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6 Appendices

6.1 MeasurementTechnique

Low costoscilloscopesindwaveformgeneratorshatarehostedoy a personatomputeyarenow availableto students
[14]. Asdemonstrateih theexercisef thispaperit is possiblefor studentso explorewaveformprocessingoncepts
independenthyof the traditional engineeringelectronicslaboratory The hardware and computerhost can provide
powerful analysisanddisplayfunctionsthatsupportiearningin this environment.

For example,Syscomgnstrumentsupportthefollowing capabilities:

frequeng-precisewaveformgeneratiorandmeasurement

arbitrarywaveformconstructiorandgeneration

manualor automatidrequeng sweepover arangeof six decades

digital cursorreadoubf frequeny andamplitude

spectrumanalysis

waveformmath(eg, multiplication of waveforms)

waveformimagecapturefor reports

waveformdatacapturefor post-processingn spreadsheets

vectornetwork analysigBodePlots)of AC circuits

Accesdo thistechnologyallows studentgo demonstratandstudythe resultsof circuit analysisanddesign.This

leadsto bettermasteryof thetheoreticakconceptandfacility with electronicinstrumentation.
6.2 A Simple Intr oduction to Complex Notation

Complex numbergq15], [16], [17] andimaginary numbersareroutinely usedin mary elds of engineering.This is
especiallytruein electricalengineeringwherethey form the basisof AC circuit analysis.

AC signalscanberepresentedsrotatingvectors.For the
purposeof AC circuit analysis,we take a snapshotit some

instantof time, and then comparea static picture of these y
vectors.

3r————-> Z=4+3
Rectangular Notation Imaginary

|

:

|
A two-dimensionalectorZ may berepresentetby its hori- !
zontalandverticalcomponentssa complex number( gure Real 4 X
29). WhenZ is avectorwe couldwrite:

Z=x+]Jy
wherex is thehorizontalcomponentsaidto bethereal part. Figure29: RectangulaNotation
yis theverticalcomponentrﬁferredto astheimaginary part.
j istheimaginary operator, 1. (Electricalengineersise
j for theimaginaryoperatoy mathematiciansisei).
Whenacomple« numberis expressedik e this asthesum
of arealpartandimaginarypart,thenit is saidto bein rectangulamotation.(Thex componenandthey component
lie alongthe sidesof animaginaryrectangle.)
Thetermscomple andimaginary shouldbe takenwith a grainof salt. At thetime of theirinvention,the mathe-
maticalideaspresentedlif culty , andthesetermsre ect thatheritage.
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For our purposesa complex numbemight be bettercalleda vectornumber Theimaginaryoperatorwhich poses
suchconceptuadlif culty on rst encountercanbetreatedasa device thatrotatesa vectorby 90 . It couldbecalled
aquadmturerotationopefator, thetermquadrature implying right angle

Why usej asanoperatorontheverticalcomponentBecausét leadsto a consistensystemof mathematicatules
regardingoperationssuchasadditionandmultiplication on the vectors. Theserulesare surprisinglyconsistentvith
familiar mathematicabperationsasillustratedby thefollowing example:

Referto gure 30 and considerthe vector 5 pointing
alongthe positive X axis. This may be regardedas5j® =
5 1= 5,avector5 unitslong with no rotationsapplied. Y151 = s

Then5j ! = 5j is thesamevectorrotatedCCW 90 to lie
alongthepositive Y axis.

Now consider5j 2. This time vectoris further rotated
CCW by 90 soit pointsalongthe negative X axis. Then

the original vectorhastwq rotationsandin complex notation 5= 5 5°=5
becomesj?. Butj?2 = (  1)2= 1s05/2= 5, which x

is the cartesiargraphnotationfor I)ﬂ'ng alongthe negative X

axis. In otherwords,treatingj = 1 works out correctly

with the standardulesof arithmetic.
53= 5

Complex Number Arithmetic: Addition and Subtraction

The addition and subtractionof complex humbersis quite
straightforvard when the numbersare expressedn rectan-
gular notation. One simply addsthe correspondingparts:
real+realjmaginary+imaginaryFor example:

Figure30: ImaginaryOperatoj

(x+jy) + (a+jbh=(x+a)+j(y+ b

Multiplication anddivisionarenotsosimple. It is possibleto performtheseoperationsn rectangulanotation,but
aneasierapproachis polar notation.

Polar Notation

Therectangulaform of thecomplex numbemay be written asfollows:

X+jy Rcos + jRsin

R(cos +jsin) (80)

where: p
R isthelengthof thevector:R = = x2 + y2
is theangleto the vectormeasuredrom the horizontalaxis,tan *(y=x)

However, by Euler's Identity ‘
€ =cos +jsin (81)

Thenequation80 canbewritten as: _
X+jy=Ré (82)

Thisis thepolar form of complec notation.It is sousefulin electricalengineeringhatmary scienti ¢ calculators
have built-in keystrokesto corvertfrom rectangulato polarnotationandvice-versa.
Complex Number Arithmetic: Multiplication and Division

The multiplication and division of complex numbersis straightforward when the numbersare expressedn polar
notation.Onesimply multipliesthe magnitudeandaddsthe angles For example:
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zd wé =z wel+) (83)

gl ) (84)

1 1 . 1
wo S we. ' =we (85)
Theseoperationsareso commonin electricalengineeringhatthey have a shorthandorm, whereel (Something)

is replacedby theanglesymbolé (something).Thenexamples83to 85 would bewritten as:

Ze W6 =Z We( + ) (86)
Z6 Z
= —6
We - W ) (87)
1 1
= —6
Weé W (88)

6.3 Gnuplot Magnitude and PhasePlotting Routines

The Linux versionof the Gnuplot plotting programwasusedto createthe magnitudeandfrequeng responselots
in this paper Gnuplotis alsoavailableto run underWindows operatingsystems.

The lines set  terminal fig andset output "mag-single-tc-Ip.fig" set up the programto
dumpits outputinto adata le suitablefor the XFig drawing progrant®.

OnaLinux systemtheline set terminal x11 directsthe outputto thedisplay UnderWindows, you may
needto choosesomeotherterminal. Checkthe Gnuplotmanualunder terminal’.

For reasong&nown only to Gnuplot,directingthe outputto thedisplaywith theset terminal x11 command
hasthe effect of disablingthe outputto the X g formatted le, soyou cant do bothat once. Startwith the display
enabledso you canseethe result. Whenyou have a satisictorydisplay you cancreatean XFig le (or someother
format) by commentingoutthelinesset terminal x11 andreplot with ahashmarkatthestart,asshavnin
thephaseplot listing below.

6.3.1 First Order LowpassAmplitude Response

#List of commands to plot 1st order lowpass filter magnitude response
set terminal fig

set output "mag-single-tc-Ip.fig"

set ylabel "Amplitude, db"

set xlabel "Frequency, $\omega\omega_o03$"

set grid

set nologscale vy

set logscale x

plot [0.01:100] (10.0/2.302)*log(1/(1+(x)**2)) title " with lines
# Factor 2.302 converts natural log to log-base-10

set terminal x11

replot

pause -1

15X Fig is a drawing programavailableon Linux systemsThe Windows equivalentis JFig.
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6.3.2 First Order LowpassPhaseResponse

#List of commands to plot 1st order lowpass filter phase response
set terminal fig

set output “"phase-single-tc-Ip-a.fig"

set ylabel "Phase, degrees"

set xlabel "Frequency, $\omega/\omega_o0$"

set grid

set nologscale vy

set logscale X

plot [0.01:100] (180/3.14)*(-atan(x)) title " with lines
# Factor 180/3.14 converts radians to degrees

# set terminal x11

# replot

pause -1

6.3.3 SecondOrder LowpassAmplitude Response

#List of commands to plot 2nd order lowpass filter magnitude response
#There are three plots, each with different Q factor

set terminal fig

set output "mag-quadratic-Ip.fig"

set ylabel "Amplitude, db"

set xlabel "Frequency,  $omega/omega_o$"

set grid

set nologscale vy

set logscale X

plot [0.05:50] \

-(10.0/2.302)*log(((1-(x**2))**2)+((2* 0.25* x)**2 )) title " with lines,\
-(10.0/2.302)*log(((1-(x**2))**2)+((2* 0.5*x )**2) ) title " with lines,\
-(10.0/2.302)*log(((1-(x**2))**2)+((2* 1xx)* *2)) title " with lines

set terminal x11

replot

pause -1

6.3.4 SecondOrder LowpassPhaseResponse

List of commands to plot 2nd order lowpass filter phase response
Getting this to work was tricky. The actual function to plot
vs angle is atan((x/1)/(1-x**2)). However, this takes the function

into a quadrant with a negative x axis and positive y axis,
and so the angle jumps as it passes through +90 degrees,

to -90 degrees and then decreases back to zero. Wewant a function
that smoothly decreases from 0O to -180 degrees. To get this
function into the right quadrant, | inverted the expression
and then added -90 degrees.

set terminal fig

set output “"phase-quadratic-g-Ip.fig"

set ylabel "Phase, degrees"

set xlabel "Frequency, $omega/omega_0%"

#set key 6.2, 250

set grid

set nologscale vy

# set angles degrees

# set yrange [-180:0]

HHHHHHHHF R
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set logscale  x

set angles degrees

plot [0.05:50] -90+atan((1-x**2)/(x/1)) title " with lines\
-90+atan((1-x**2)/(x/2)) title " with lines\
-90+atan((1-x**2)/(x/4)) title " with lines

set terminal x11

replot

pause -1

6.3.5 Second-OrderRC Lowpass(Q = 1=3) Impulse Response

#List of commands to plot impulse response of 2nd-order lowpass filter

#For explanation, see 'laplace-cookbook’ paper

set terminal  fig # direct  graphical output to a file

set output "impulse-curve.fig" # establish name of the file

set xlabel "Time Constants" # label x axis

# set ylabel "Charge\\Fraction" # label y axis

# set key 6.2, 250 # position graph title

set grid # turn  grid on

plot [0:10] (2.71818**(-1.52*x))*(sinh(1.13*x) )

set term x11 # show output on terminal

replot # redo the plot

pause -1

6.4 Laplace Transform of Unit Impulse

The Laplacetransformof somefunctionf (t) is givenby?:
z 1

Lf(t) = e S'f (t)dt

0

Referringto gure 14(b)on page20, duringtheintervalt = Otot
functionis:

f(t)=%

Theimpulsefunctionis zerooutsidetheregion betweernt = 0tot
integration. Then:

Lf

Usetheidentity

to expandequatior9l.:

16Theapproactin this sectionis basedn [6]
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W secondghe unit impulsetime-domain
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W, sothesecanbecomethe limits of the
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The nal stepis to make the width of the pulseW approactzero. Unfortunately this putszeroin the numerator
anddenominatorwhich makesthe expressionindeterminate However, becaus¢he numeratoranddenominatoiare
bothzero,L'H dpital's Rule[7] allows usto replacebothnumeratomnddenominatoby their derivativest’.

Then

im L8 oy O We ™
wiro Ws W! 0 W
= lim e WS
w! 0
= 1 (94)

QED: the Laplacetransformof theunit impulseis 1.

6.5 Laplace Transform of the Unit Step

The unit step known asu(t) hasavalueof unity for all timesgreaterthanzero. Pluggingthatinto the de nition of
theLaplacetransform(equation89 above), we have:

Z,

Lf (1) e Stu(t)dt
2,

= e St 1dt

o

st 1
0

D

[

S Os

D

e

ViRrOlIROIR
'S
H
st

0l

(95)

That'sit!

7 Further Reading

Bookson electriccircuit analysisandsignalprocessingisuallyhave a sectionon the Laplacetransform. Thesetend
to be math-base@xpositionsandnot particularlyintuitive.

Fourieranalysiscanbe understoodsa correlationprocesghatsearcheshe original signalfor its sineandcosine
(or in-phaseand quadmature) components.The Laplacetransformis more dif cult to put on that sort of physical
intuitive basis.Two sourceghattry areSmith[8] andLyons|[9].

Smith's work is available on the internet,andis more detailedand extended. Lyon's text is availableasa Low
PriceEditionthroughAbe Books[10]. Both booksareexcellentfor studiesin digital signalprocessing.

171 'H dpital's Rule alsoappliesif the numeratomnddenominatoapproachn nity .
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