
A LaplaceTransformCookbook
PeterD. Hiscocks

SyscompElectronicDesignLimited
www.syscompdesign.com

phiscock@ee.ryerson.ca

March1, 2008

Abstract

AC circuit analysismaybeconductedin thetime domainwith differentialequationsor in theso-calledcomplex
frequencydomain. It turnsout thatmany problemsaregreatlysimpli�ed whenconvertedto thecomplex frequency
domain.For example,integrationanddifferentiationin thetime domainbecomesimplealgebraicexpressionsin the
complex frequency domain.

TheLaplacetransformconvertsa problembetweenthesetwo domains.
Oliver Heaviside,anEnglishengineer, originatedmuchof this technique.Whencriticizedfor his lack of mathe-

maticalrigour, herespondedwith wordsto theeffect that`oneneednot understandtheprocessof digestionin order
to eat'. In thatspirit, we provide herea cookbookapproachto theapplicationof Laplacetransforms.

In thispaper, weshow how conceptsof theLaplacetransformmaybeappliedto electroniccircuit analysis.
Wealsoshow measurementexamplesin which Syscompinstrumentsareusedto demonstratetheoreticalresults.
This documentis bestreadon a videoscreenusinga pdf viewer program(suchasacroread)at 100%magni�ca-

tion. A monochromeprint is useablebut losescolourandsomedetailin theimages.
My colleaguesGlenMartinsonandJohnFostercontributedsigni�cantly to this paper:Glenby �rst showing me

how to usetheLaplacetransform,andJohnwith his very thoroughreview of thedocument.(Of course,any errors
remainmy responsibility.)
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1 Intr oduction

Time is valuablein thepracticeof Engineering,andEngineersvaluetoolswhich facilitategettingto anansweranda
�nal design.Thesliderule andnomographareearlyexamples.Thespreadsheet,simulationprogram(suchasSpice)
andtheComputerAlgebra Programaremorerecentadditionto theengineer's toolkit.

In this paper, we'll show a cookbookapproachto the Laplacetransform,usingthe ComputerAlgebraProgram
Maxima.

TheLaplacetransformis atechniquefor circuit analysisthatfacilitatesthecalculationof anetwork timeresponse.
An electricalnetwork exists. A certaininput signalis appliedto thenetwork. Whatis theoutputfrom thenetwork as
a functionof time?

This type of calculationcanbe doneentirely in the time domain,but it requiressolving differentialequations,
which is challengingandtime-consuming1.

TheLaplacetransformconvertstheinputsignalandthedifferentialequationdescribingthenetwork, into algebraic
expressionsin what is known as the complex frequencydomain. The output in the complex frequency domainis
simply theproductof theinputandthenetwork. Theoutputof thenetwork asafunctionof time is theInverseLaplace
transformof this product.

This is analogousto a frequency domainanalysisof, say, a �lter network. Theinputspectrumis multipliedby the
frequency responseof the�lter to give theoutputspectrum.

The Laplacetransformtechniqueis a hugeimprovementover working directly with differentialequations.It is
relatively straightforwardto convert an input signalandthenetwork descriptioninto theLaplacedomain.However,
performingtheInverseLaplacetransformcanbechallengingandrequiresubstantialwork in algebraandcalculus.

In thispaper, weshow how Maxima,acomputeralgebraprogram,canbeusedin pursuitof theforwardandinverse
Laplacetransform.

1.1 Simulation and Analysis

We areoften calleduponto determinethe magnitude2 andphaseresponseor someotherelectricalpropertiesof a
particularnetwork. Why do all the work to obtain a mathematicalanalysiswhen one could simply simulatethe
circuit?

For a circuit designwherecomponentvaluesareknown, thesimulationhastheadvantage- it maybefasterto do
andit cantake into accounttheimperfectionsof componentslike anoperationalampli�er. However, thatis a speci�c
solutionandit doesn't give full insightinto thecircuit behaviour.

You can changethe simulationcircuit valuesanddeterminetheir effect on the frequency and phaseresponse.
However, analysisgivesa deeperunderstandingof the circuit operation. It cantell you for examplethat the cutoff
frequency is proportionalto thesquareroot of theratio of two capacitorvalues.Knowing that,you might beableto
selecttwo capacitorsthattrackwith temperatureandthereforeresultin amorestable�lter design.

A simulationgivescircuit speci�c resultswhennumericvaluesareknown. Analysisprovidesgeneralizedresults.
They bothhave their uses.

1.2 CaseHistory

...........
...................

Input Output

Filter

....................

....................

....................

....................

Figure1: ImpulseNoiseFilter

To set the stagefor this next circuit and analysis,suppose
thatwe wish to designa �lter for noisepulsesthatoccuron
apowersupplyline, �gure 1. We would like to attenuatethis
noisepulsesuf�ciently with aslow costacircuit asfeasible3.

The noisepulsecanbe modelledasan impulse, a pulse
thatis shortcomparedto thetime-constantsin thecircuit.

The�lter candidatesareshown in �gure 2.
Eachof these�lters can be consideredto be a voltage

divider, in which the outputvoltageis somefraction of the input. The impedanceof oneor more componentsis

1It canalsobe doneusinga techniquecalledconvolution. For many networks andsignals,it turnsout that convolution is not an attractive
approach.

2Thetermmagnitudeis usedto referto thesizeof somebehavioural propertyof anelectricalcomponentor network. Thetermamplitude, which
we'll meetlater, is usedto referto thesizeof anelectricalsignal.

3In a �nal design,thisvaguedescriptionmustbetightenedup to specifytheactualnoisereductionandtheresultantcost.
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Figure2: NoiseFilter Candidates

variablewith frequency. Theneteffect is to increasethevoltagedivision ratio at high frequencies,that is, reducethe
outputsignalat high frequencies.For example,in �gure 2(a),thebottomarmof thevoltagedivider is a capacitor. At
high frequencies,theimpedanceof thecapacitordecreasesandsoalsotheoutputsignal.

ThesinglesectionRC �lter is leastexpensive. ThedualsectionRC �lter requires4 inexpensivecomponents,but
is a moreeffective �lter . TheRLC �lter uses3 components,oneof which is a moreexpensive inductor. However, if
theRLC �lter hasa signi�cant advantagein performance,it might bepreferable.

To do a meaningfulcomparison,we needto know the frequency responseandthe impulseresponseof eachof
these�lters. First,someexplanationof toolsthatcanhelpgetusthere.

2 LaplaceNotation asShorthand

............................ ............................s

Differentiator

............................ ............................
1

s

Integrator

Figure3: DifferentiatorandIntegrator

Verysimply, theLaplacetransformsubstitutess, theLaplace
transformoperatorfor the differentialoperatord=dt. Then
thes termmaybemanipulatedlikeany othervariable.

Thusonewill sees in a controlsystemblock to indicate
differentiatorand1=sto indicateintegrator.

Thesubstitutionof s for d=dt leadsto anotherone,s for
j ! . This is useful in determiningthe transferfunction of
an electricalnetwork, andthenits magnitudeandphasere-
sponses.

Thisapproachcanbeusedwithoutany realunderstanding
of Laplacetransformtheory. It canberegardedsimplyakind
of shorthand.Nonetheless,it' s a usefultechniquewhenthe
requirementis to determinethe frequencyresponseof some
network. In section4 (page17) we'll look at obtainingthetime-domainresponse, which doesrequiremorein-depth
understanding.

2.1 A SimpleExample: Capacitor Charging Equation

As a�rst introductionto theLaplaceoperators asdifferentiationandintegration,considertheoperationof acapacitor.
Thebasicdifferentialequationrelatingvoltageandcurrentin a capacitoris4:

4A Noteon Notation: It is commonto indicatetime domainquantitiesaslower casesuchasv or v(t). We'll usethe latter. Commonpractice
is alsoto useuppercasefor theLaplacedomain(akathecomplex frequencydomain), suchasV . However, sometimesuppercaseis usedfor DC
quantitiesandlower casefor AC quantities,sowewill usev(s) for Laplacedomainto make it very clear. British practiceis to usep for s.
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i (t) = C
d
dt

v(t) (1)

where:
i (t) Currentin thecapacitor, amps,asa functionof time
v(t) Voltageacrossthecapacitor, volts,asa functionof time
C Capacitance,farads

In words, the time-varying current into a capacitoris proportionalto the rate of changeof the voltageacrossits
terminals.Theconstantof proportionalityis thecapacitanceC.

To applytheLaplacetransformto thisequation,wereplacethedifferentialoperatord=dt by sandthevoltageand
currentby their transformedversions:

i (s) = Csv(s)

= sC v(s) (2)

where:
i (s) Currentin thecapacitor, amps,in theLaplacedomain
v(s) Voltageacrossthecapacitor, volts, in theLaplacedomain
C Capacitance,farads

Let's reversethis andsolve for thecapacitorvoltage:

v(s) =
1
C

1
s

i (s) (3)

Now, backto thetime domain:voltageandcurrenttransformto their time-dependentvaluesand1=s becomesan
integral:

v(t) =
1
C

Z
i (t)dt (4)

This is thelongway `round.Equation4 couldbeobtaineddirectlyby inspectionof equation1. However, it shows
a very simpleapplicationof the Laplacetransform:we transformedthe original equationinto the Laplacedomain,
manipulatedit, andthentransformedtheresultbackinto thetime domain5.

2.2 Inductor Differential Equation

A similar reasoningprocesscanbeappliedto theinductor. Thebasicdifferentialequationrelatingvoltageandcurrent
in aninductoris:

v(t) = L
di(t)
dt

(5)

where:
v(t) Voltageacrosstheinductor, volts
i (t) Currentin theinductor, amps
C Inductance,Henries

Proceedingaswedid in thecaseof capacitance,wereplacethedifferentialoperatord=dt by sandthevoltageand
currentby their transformedversions:

v(s) = Lsi (s)

= sL i (s) (6)

5Theresultof equation4 assumesthatthereis noinitial chargeonthecapacitor. If thereis chargeonthecapacitorat thebeginningof theinterval
of integration,it mustbeaccountedfor by anadditionaltermwhichwemight call vo .
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The reactanceof the inductor (analogousto resistance,but affecting AC currentonly) is the ratio of voltageto
current:

v(s)
i (s)

= sL (7)

Inductorsmaythenberepresentedby inductivereactanceassL 1, sL2 andsoon.

2.3 CapacitiveReactance

Thereactanceof thecapacitoris theratioof voltageto current:

v(s)
i (s)

=
1

sC
(8)

It' s commonto representthecapacitive reactancedirectly on a circuit diagram,sooneseescapacitorslabelledas
1=sC1, 1=sC2 andsoon. For thepurposeof circuit analysisthesereactancesmaybetreatedasresistances.

Themagnitudephaseof capacitivereactancearealsorepresentedas

X c =
1

j ! C
(9)

wherethevariablesare:

X c Capacitive reactance,ohms
j Imaginaryoperator,

p
� 1

! Circularfrequency, radians/sec

Comparingequations8 and 9, it can be seenthat the Laplacetransformoperators can be treatedsimply as
shorthandnotationfor j ! .

2.4 Summary

� Thedifferentialoperatord=dt in a differentialequationcanbereplacedby s. 6

� Integrationis theinverse:1=s.7

� TheLaplaceoperators mayalsoberegardedasshorthandfor theexpressionj ! .

� Capacitivereactanceis 1=sC.

� Inductivereactanceis sL.

6This is straightforward to extend:doubledifferentiationd2=dt2 becomess2 , andsoon.
7Similarily, doubleintegrationbecomes1=s2 , andsoon.

6



3 Transfer Function and FrequencyResponse

Next, we'll developthemagnitudeandphaseresponsecurvesfor thelowpassnetworksof �gure 2.

3.1 Transfer Function of Low PassRC Filter

R

........
....................

........
....................

eo

1=sC

! c = 1=RC

ei

...............
......................

...........
.................

.................
.................

............
....

r .....................

.....................r....................

....................

Figure4: RC LowpassFilter

A simpleRC lowpass�lter is shown in �gure 4, wherethe
capacitoris indicatedby its reactance1=sC. Letusdetermine
thefrequency responseof this �lter .

The frequency responseshows the relationshipbetween
outputvoltageandinput voltageasa functionof frequency.
Consequently, a �rst stepis to determinetherelationshipbe-
tweeneo andei . Theresistorandthereactanceof thecapac-
itor form a voltagedivider, sowe canwrite:

eo

ei
=

Z2

Z1 + Z2
(10)

where:

eo AC Outputvoltagevoltagefrom thecircuit
ei AC Inputvoltageto thecircuit
Z1 Impedanceof theupperhalf of thevoltagedivider (theresistor)
Z2 Impedanceof thebottomhalf of thevoltagedivider (thecapacitor)

Strictly speaking,eo shouldbewrittenaseo(! ) or eo(f ) to indicatethatthevalueis a functionof frequency, but we'll
take thatasunderstood.

Now substituteR for Z1, 1=sC for Z2 anddosomealgebra:

eo

ei
=

1=sC
R + 1=sC

=
1

1 + sRC
(11)

Now weneedto introducesomenew labels.ThequantityRC is importantin thesecircuits: it is known asthetime
constant� andwill turn upagainwhenwe look at thetime-domainresponseof the�lter .

� = RC (12)

Thenwecouldrewrite equation11 this way:

eo

ei
=

1
1 + s�

(13)

We cando even betterthanthis. In the frequency domainRC is relatedto thecorneror cutoff frequencyof the
�lter , which is referredto as! o in radians/secnotationor f o in Hertz(cycles/second).

! o =
1
�

=
1

RC
(14)

Soequation13couldbewrittenas:

eo

ei
=

1
1 + s=! o

(15)
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This turnsout to bea usefulform of theequationaswe'll seein a second.It is known asthetransferfunctionor
characteristicequationof theRClowpassnetwork.

By theway, frequency in radians/secondandHertzarerelated

! o = 2� f o (16)

Soif you preferyour frequenciesin Hz, youcouldrewrite equation15as:

eo

ei
=

1
1 + s=2� f o

(17)

In otherwords,we have threewaysto de�ne the cutoff frequency: by time-constant� , by cutoff frequency ! o

in radiansper second,andby cutoff frequency f o in Hertz. All threeare in use. Control systempeoplelike time
constants.Electricalengineersuseradians/second.Audio folks likeHertz.

We'll stickwith theform of equation15.

3.1.1 Magnitude and Phaseof The LowpassRC Filter
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Figure5: AmplitudeandPhaseof RCLowpassNetwork

Now we'll put the transferfunction of equation15 into a suitableform for plotting the magnitudeand phase
response.To do that,we substitutej ! for s in thetransferfunction:

eo

ei
=

1
1 + j ! =! o

(18)

Now, thedenominatoris a complex numberwith a realcomponent1 pointingalongtheX axisanda quadrature
part! =! o pointingup theY axis. (Seesection6.2onpage35 for a review of complex numbers.)

We needto convert this complex numberfrom its currentrectangularform to polar form. In polar form, the
magnitudeis thehypotenuseof thetwo rectangularform vectors:

j
eo

ei
j =

1
p

12 + (j ! =! o)2

=
1

p
1 � (! =! o)2

(19)
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Thetangentof thephaseangleis theratioof thetwo rectangularcomponents:

6
eo

ei
=

1

tan � 1
�

! =! o

1

�

= � tan� 1(! =! o) (20)

Plotsof themagnitudeandphaseareshown in �gure 5.
It is customaryto plot magnitudein decibels, thatis, 20log10(eo=ei ) againstthelogarithmof frequency. Thenthe

magnitudeplotsmaybeapproximatedby straightlines.
Phaseis simply plottedversusthelogarithmof frequency. Noticethatthefrequency axis is plottedastheratio of

frequency to thecutoff frequency in radianspersecond:! =! o. Withoutchange,thefrequency axescouldequallywell
betheratioof frequency to cutoff frequency in Hertz,f =f o.

Thereis muchthatcanbesaidabouttheseplots.Seefor example[5].
Theplotting routinesfor theGnuplot program,arein section6.3onpage37.

3.1.2 Measurement

(a)Waveformsat f o (b) Network AnalyserDisplay

Figure6: RC LowpassMeasurement

Figure6 shows measurementson anRC lowpass�lter with R = 10k
 andC = 100nF. Thecutoff frequency f o

is then160Hz.
In �gure 6(a),thegeneratorwassetto 160Hz.Theoutputwaveform(smallerof thetwo sinewaves)lagstheinput

by 45degreesandis smallerby 3db.
Figure6(b) shows theresultsof a swept-frequency measurementwith theVectorNetwork Analyser(VNA)8 soft-

wareoperatingona SyscompWGM-101waveformgeneratorandDSO-101oscilloscope[11].
Themagnitudeandphaseareaspredictedby thegraphsof �gure 5.

8A VectorNetwork Analyseris sometimesreferredto asaBodePlotter.
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3.2 Transfer Function of Low PassLR Filter
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Figure7: LR LowpassFilter

TheLR lowpass�lter is shown in �gure 7. Now we'll deter-
minethefrequency responseof this �lter . As we'll see,this is
verysimilar to theRClowpass�lter of theprevioussection.

The inductorandresistorform a voltagedivider, so we
canwrite:

eo

ei
=

Z2

Z1 + Z2
(21)

where
eo AC Outputvoltagevoltagefrom thecircuit
ei AC Inputvoltageto thecircuit
Z1 Impedanceof theupperhalf of thevoltagedivider (theinductor)
Z2 Impedanceof thebottomhalf of thevoltagedivider (theresistor)

Now substitutesL for Z1, R for Z2 anddosomealgebra:

eo

ei
=

R
R + sL

=
1

1 + sL
R

(22)

This time, thewe'll seethat thequantityL=R is thetime-constantof thenetwork andthe inverseof the lowpass
cutoff frequency. Consequently, � = L=R for theLR lowpass.

Thenwecouldrewrite equation22as:

eo

ei
=

1
1 + s�

(23)

A WonderfulThing happensat this point: this equation23 for theLR lowpass�lter hasexactly thesameform as
equation13 on page7, which we previously foundfor theRC lowpass�lter . Consequently, for equalvaluesof time
constantthey will haveexactlythesamemagnitudeandphaseresponse9.

Consequently, we cansimply recycle theremainderof theinformationfor theRC lowpass�lter , recognizingthat
thetime constantis � = RC for theRC lowpassand� = L=R for theLR lowpass.

3.2.1 Measurement

For thesemeasurements,theinductoris 30mHandtheresistor2k
 , for acutoff frequency f o of 10kHz.Measurements
areshown in �gure 8 onpage11. Basedon theresultsof theprevioussection,themeasurementsshouldbesimilar to
thoseof theRC lowpass�lter , adjustedfor thedifferentcutoff frequency.

The sinewave displayof �gure 8(a), taken at 10kHz, is essentiallyasexpected.The outputwaveform lagsthe
inputby 45degrees.

TheVNA plot alsoshows theexpectedbehaviour at low andmid frequencies.However, a carefulexaminationat
high frequenciesshows somethingunexpected:the rolloff is slightly morethantheexpected20db/decade.As well,
thephaseis headedfor a largeranglethan90� . Inductanceis oftenaccompaniedby signi�cant seriesresistanceand
parallelstraycapacitance(so-calledparasiticcomponents),sothey maybefactor.

9This assumesideal behaviour of the components.In practice,the componentshave variousforms of non-idealbehaviour, and that canbe
important.
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(a)Waveformsat f o (b) Network AnalyserDisplay

Figure8: LR LowpassMeasurement

3.3 Transfer Function of a SecondOrder RLC LowpassFilter
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Figure9: Second-OrderLowpassFilter

Like the RC �lter of �gure 4, �gure 9 is a lowpass�lter: it passes
low frequencieswithoutattenuationandit attenuateshighfrequencies.
However, the attenuationabove the cutoff frequency occursat twice
the rateof the RC lowpass�lter and thereis lessattenuationat the
cutoff frequency.

Furthermore,the RC lowpass�lter is a �r st order �lter , because
thelargestpowerof s is unity. TheRLC lowpass�lter is secondorder,
sinceit containsans2 term.

As we did in theprevioussection,we'll developthetransferfunc-
tion andthenmassageit into aform suitablefor plottingthefrequency
andphaseresponse.Again, this illustratestheLaplacetransformop-
erators asshorthandnotationfor j ! .

Analysis

Treatingthe network of �gure 9 asa voltagedivider, the gain of the
network is

eo

ei
=

Z2

Z1 + Z2

whereZ1 andZ2 aretheupperandlowerhalvesof thevoltagedivider.

Z1 = sL

Z2 =
1

sC
k R

11



=
R

1 + sRC

Thenthetransferfunctionis

eo

ei
=

R
1 + sRC

sL +
R

1 + sRC

=
R

sL + s2RLC + R

Now we will manipulatethis equationinto a moreusefulform, in which thethes2 termin thedenominatorhasa
coef�cient of 1. Divide thedenominatorby thefactorR in thenumeratorandthenfactorLC outof thedenominator:

eo

ei
=

1

LC
�

s2 +
1

RC
s +

1
LC

� (24)

Now wecansubstitutefor someof thesequantities.Theresonantfrequency for anRLC circuit is

! o =
1

p
LC

(25)

sowecansubstitute! 2
o for 1=LC in equation24.

WecanalsointroduceaQ factor, which is theratioof theresistancein thecircuit to thereactanceat resonance.At
resonance,theinductiveandcapacitivereactanceareequal,sowecouldchooseeitherone.We'll choosetheinductive
reactance:

Q =
R

! oL
(26)

Sinceat resonancetheinductiveandcapacitivereactancesareequal:

! oL =
1

! oC
(27)

Substitutingfor ! oL in equation26,
Q = ! oRC (28)

and
1

RC
=

! o

Q
(29)

Sowe cansubstitute! o=Q for 1=RC in equation24. Then

eo

ei
=

! 2
o�

s2 +
! o

Q
s + ! 2

o

� (30)

This is thestandard form for the2ndorderlowpass�lter .

3.3.1 Magnitude and Phaseof the LowpassRLC Filter

In equation30,movethe! 2
o termin thenumeratorinto thedenominator.

eo

ei
=

1
�

s2

! 2
o

+
s

! oQ
+ 1

� (31)

Now replaceeachoccurrenceof s by j ! . Sincej =
p

� 1, j 2 = � 1.
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Figure10: AmplitudeandPhaseof RLC LowpassNetwork

eo

ei
=

1
�

� ! 2

! 2
o

+
j !

! oQ
+ 1

� (32)

For notationalconveniencereplace! =! o with thex axis variable,which I' ll call x. Thenx representsthe ratio
of frequency to cutoff frequency. We couldplot the functionover the rangex = 0:1 to x = 10 to getan ideaof the
responsein thetwo decadesaroundthecutoff frequency.

Thenwehave

eo

ei
=

1

� x2 + j
Q x + 1

Collectingrealandimaginaryterms,wehave

eo

ei
=

1
(1 � x2) + j x

Q

(33)

Magnitude

Themagnitudeis equalto thesquareroot of thesumof therealandimaginarycomponentseachsquared.As in the
caseof theRC�lter , we'd like theresultin decibels,sowe take20log10 of theresult:

j
eo

ei
j = 20log10

vu
u
t

1

(1 � x2)2 +
�

x
Q

� 2

(34)

Now, if you considerthat

log10

r
1
A

= log10

0

@A
�

1
2

1

A

= �
1
2

log10(A)

(35)
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Thenwecanwrite equation34as:

j
eo

ei
j = � 10log10

"

(1 � x2)2 +
�

x
Q

� 2
#

(36)

Equation36 is in a form thatcanbeplotted,asshown in �gure 10(a).

Phase

If a complex numbera is written in rectangularformatasfor examplea = x + j y, thephaseangleis givenby

6 a = tan � 1
� y

x

�
(37)

wherex is theso-calledreal partandy is theimaginary part.A complex numbermayalsobewritten in polarformat
asfor examplea = R6 � whereR is themagnitudeand� is thephaseangle.

Thenit canbeshown (seesection6.2onpage35) that

6
1

x + j y
= � tan � 1

� y
x

�
(38)

Applying this conceptto equation33,we havethat

6
eo

ei
= � tan � 1

�
x=Q

1 � x2

�
(39)

Equation39 is plottedin �gure 10(b).
Somepointsof interest:

� Thephasechangesfrom 0� to � 180� , passingthrough� 90� at theresonantfrequency ! o

� The rate of changeof phasein the vicinity of ! o increaseswith increasingQ factor (which correspondsto
decreasingvaluesof damping� ).

3.3.2 Measurement

The experimentallowpass�lter was constructedaccordingto �gure 9 on page11 with L = 30mH, C = 1� F,
R = 620
 10.

Thenthecutoff frequency f o for the�lter (equation25) is:

! o =
1

p
LC

Since! o = 2� f o, then

f o =
1

2�
p

LC
= 919Hz

TheQ factor(equation26) is:

Q =
R

! oL
=

620
2� � 919� (30 � 10� 3)

= 3:58

10The waveform generatorhasan internal resistanceof 75
 that shouldbe taken into account. However, it turnsout this resistanceis small
comparedto the circuit impedancesanddoesnot have a major effect on the circuit operationso for our purposescanbe ignored. If thereis any
doubtin thematter, its effect mustbeinvestigated.

As well, the inductorhassomeDC resistanceandthecapacitorsomeESR(equivalentseriesresistance)thatshouldbetaken into accountin a
completelypreciseanalysis.Thesealsohave beenignoredin thismeasurement.

Includingthesecomponentsin theanalysiscomplicatesit to thepoint thatacircuit simulationis probablythemostef�cient approach.
In ateachingenvironmentsuchasanEElab,it' supto thedesignerof themeasurementexerciseto ensurethattheseso-calledparasiticcomponents

donot obscurethebehaviour that is beingillustrated.
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(a)Waveformsbelow f o (b) Waveformsat f o

(c) Waveformsabove f o (d) Network AnalyserDisplay

Figure11: RLC LowpassMeasurement

We expect to seea lowpass�lter that rolls off above 919Hzwith a signi�cant peakin the region of the cutoff
frequency.

Themeasurementresultsareshown in �gure 11. Figure11(a)shows thewaveformsbelow cutoff frequency. As
expected,they arein phaseandnearlyequalin magnitude.

Figure11(b)showsthewaveformsat f o, thecutoff frequency. Thewaveformsare90� outof phaseandtheoutput
is largerthantheinput,dueto peakingat this frequency.

Figure11(c) shows the waveformsabove cutoff. The outputis now 180� out of phasewith the input andmuch
reducedin magnitude.

Figure11(d) shows thenetwork analysermeasurement.As expected,thereis peakingaroundf o andtheoutput
dropsat40db/decadeabovethecutoff frequency. Thephasedisplaycanonly accomodatearangeof +90 � to � 90� , so
we seeanabruptchangein phaseat theresonantfrequency. At high frequencies,thephaseshift is 180� asexpected.
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3.4 Transfer Function of the Two Stage(SecondOrder) RC LowpassFilter
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Figure12: 2ndOrderRCLowpassFilter

The two-stageRC lowpass�lter is shown
in �gure 12(a) and a rearrangementfor
analysisin �gure 12(b).

We can treat this network as a two-
stagevoltagedivider. Working backward
from outputto input:

� The output voltage eo is divided
down from the intermediatevoltage
ea by resistorR2 andcapacitorC2.

� The intermediatevoltage ea is di-
videddown from ei by a voltagedi-
vider consistingof resistorR1 and
the network Z . The network Z is
composedof capacitorC1 in paral-
lel with theseriescombinationof R2 andC2.

After muchalgebraiccrank-turning,we obtain:

eo

ei
=

2

6
4

1

s2 + s(R1C2 + R1C1 + R2C2)
R1R2C1C2

+ 1
R1R2C1C2

3

7
5 �

1
R1R2C1C2

(40)

Onmostoccasions,theresistorsandcapacitorsareequal,solet usmake:

R1 = R2 = R; C1 = C2 = C

Many thingscancelat this point,andaftersomecosmeticsurgerywehaveasaresult:

eo

ei
=

1
R2C2

s2 + 3
RC s + 1

R2C2

(41)

This is similar to somethingwe've seenbefore,thestandard form of thesecond-orderlowpasstransferfunction,
equation30onpage12. Hereis thestandardform again:

eo

ei
=

! 2
o

s2 +
! o

Q
s + ! 2

o

(42)

Equation41 is equivalentto thestandardform of equation42 if we make:

! o =
1

RC
; Q =

1
3

Thenthemagnitudeandphaseareasshown on theplots for thestandardform, �gure 10 on page13. In thecase
of thetwo stageRClowpass,thevalueof Q is 1/3which is oneof thetracesin �gure 10.

Now let's think aboutwhatthis means.Ideally, we'd like our �lter to have no attenuationin thepassband(below
thecutoff frequency) andmuchattenuationin thestopband(abovethecutoff frequency).

Accordingto �gure 10 thatidealis achievedmostcloselyfor thesecond-orderlowpass�lter whenthetheQ value
is about1. Theresponsedropsat 40db/decadeabove thecornerfrequency andtheattenuationat thecutoff frequency
is approximatelyzero.

In contrast,the dual-sectionRC �lter makesthe transitionvery graduallybetweenpassbandandstopband. It
attenuatesthesignalby 10 db at thecutoff frequency. It is only at tentimesthecutoff frequency thattheattenuation
rateapproaches40db/decade.SothedualsectionRC�lter is notagreatperformerin thefrequency domain.
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4 Time Domain Response

In section3 we determinedthe frequency responsebehaviour of thesefour lowpass�lters. Conceptually, we would
applyto theinput of the�lter a sinewave of variousarbitraryfrequenciesandthenmeasuretherelationshipbetween
theinput andoutputsinewavesat thesefrequencies.

Thesubstitutionsweusedareusefulin determiningthefrequency responseof networks.Thatwork requiresa fair
amountof algebra,but nothingnew relatingto theLaplacetransform.

Now we will considerwhathappenswhenwe applyvarioussignalsthatarearbitraryin thetime domain:that is,
they havearbitraryshapes.TheLaplacetransformis particularlyusefulfor this typeof analysis,whenit is necessary
to determinethetime-responseof aparticularelectricalcircuit.

1. Chooseaninputsignal:step,ramp,sine,whatever.

2. DeterminetheLaplacetransformof the input signal. Someinput signalsaresimpleenoughthat thetransform
is known. For example,the Laplacetransformof theunit impulseis simply 1. The Laplacetransformof the
unit stepis 1=s. In othercases,a morecomplex signalis speci�edin theproblemandsomework is requiredto
determinethetransform.

3. DeterminetheLaplacetransformof thenetwork transferfunctionasweshowedin section3.1andsection3.3.1.
Thiscanusuallybewrittenoutby inspectionof thecircuit.

4. Multiply theinputsignalof step2 by thetransferfunctionof step3 to obtaintheLaplacetransformof theoutput
signal.

5. Take theinverseLaplacetransformof theoutputsignalto obtaintheoutputvoltageasa functionof time.

Next, we introducetwo usefultoolsfor this typeof analysis:a computeralgebra program(Maxima)(section4.1)
anda tableof Laplacetransforms(section4.2).

In sections4.3, 4.5 and4.5 we usethesetools to develop theLaplacetransformsof the impulse,stepandramp
inputsignals,or forcing functionsasthey areknown.

Thenwe applyeachof thesesignalsto theRC lowpassnetwork anddeterminetheresultantoutputvoltage-time
signal.

4.1 Computer Algebra: Using Maxima

A computeralgebra system(CAS) [2] manipulatesthesymbolsof mathequationsaccordingto therulesof algebra,
calculusandotherbranchesof mathematics.A computeralgebrasystemcanremovemuchof thelabourfrom Laplace
andInverseLaplacetransforms.In this paperwe usetheopen-sourceCASMaximaprogram(�gure 13).11

A list of alternativeCAS programsis in [3].
Apart from a few introductoryexamplesgivenbelow, we show only commandsthatarerelevantto thebusinessat

hand.A completemanualfor Maxima(860pages!)is availableat theMaximahomepage[4].
Herearesomeexamplesof Maximaat work:

Big Numbers

The(%i28) and(%o28) areMaximainput andoutputprompts.
(%i28) 12ˆ26;
(%o28) 11447545997288281555215581184

11Maximais roughlycomparableto theproprietaryprogramsMathematicaandMaple. Notice thatMatlab andopen-sourceequivalentOctave
(widely usedin universitiesfor simulationof electronicsystems)is (to quoteWikipedia): a numericalcomputingenvironmentandprogramming
language. In otherwords,Maxima,MathematicaandMaplework with symbols.MatlabandOctave work with numbers.For a general-purpose
solution,not tied to speci�c valuesin thecircuit, you needaprogramthatworkswith symbols.
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Figure13: MaximaScreenShot

Solvingan Equation

First,wede�ne theequation
(%i24) a*xˆ2+b*x+c;
(%o24) a x2 + bx + c
Thenwe askMaximato solve it. The% symbolmeans̀ thepreviousequation'.

(%i25) solve (%,x);

(%o25) [x = �
p

b2 � 4 a c+ b
2 a ; x =

p
b2 � 4 a c� b

2 a ]
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Differentiating

(%i30) diff (cos(x),x);
(%o30) � sin(x)

(%i32) diff ((sin(x))ˆ3,x);
(%o32) 3 cos(x) sin(x)2

Integrating

(%i31) integrate(-sin(x),x);
(%o31) cos(x)

ComplexMath

(%i is thecomplex operator, alsoknown asj .)
(%i33) rectform(5.0 / (3.0+2.0*%i) + 4.0 / (8.0*%i+5.0));
(%o33) 1:378565254969749� 1:128781331028522i

4.2 Tableof Transforms

Description TimeDomainFunction LaplaceTransform

1 Impulse � (t) 1

2 Unit Step u(t)
1
s

3 Unit Ramp r (t)
1
s2

4 Integration
R

f (t)
1
s

F (s)

5 Differentiation
d
dt

f (t) sF (s)

6 Linearity kf (t) kF (s)

7 Exponential exp�t 1
s � �

8 Superposition Af (t) + B g(t) AF (s) + B G(s)

4.3 Forcing Function: Unit Impulse

Thesimplestforcing functionis theunit impulse� (t). Thetheoreticalabstractionof theunit impulseis a pulsewith
areaunity, zerowidth, andin�nite amplitude12.

Oneway to think of theunit impulseis shown in �gure 14(a).A unit impulseis thelimiting caseof apulsethatis
reducedin durationwhile keepingtheareaunchanged.

Anotherview is shown in �gure 14(b). Theunit impulseis theslope(differentiald=dt) of therising portionof a
unit stepwaveform. As theslopeincreases,thewidth of theunit impulsedecreaseswhile its amplitudeincreasesto
maintainunity area.In thelimit, astherisingportionof thestepapproachesvertical,theunit impulseapproachesthe
theoreticalabstractionof zerowidth, in�nite height,unity area.

Whenis theunit impulseuseful?TheLaplaceTransformof theunit impulseis simply1. As aresult,if you apply
a unit impulseto a system,thentheoutputis thesystemtransferfunction.This makesit verysimpleto determinethe

12Seefootnoteonpage3 for explanationof thetermsmagnitudeandamplitude.
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Figure14: ImpulseSignal

transferfunction: applyanimpulsesignalto theinput andrecordtheoutput.That is thetransferfunctionin thetime
domain.

For example,to measurethetransferfunctionof amechanicalsystemapplyanimpulseby hitting it with ahammer.
Recordtheoutput.Now, this impulseis probablynot ideal: it has�nite durationand�nite amplitude.However, if the
pulseis shortcomparedto any of thetimeconstantsin thesystem,thenit will appearasanimpulse.

With thetime-domainresponseto aninpulseinputyou canhaveenoughinformationto determinetheresponseof
a systemto anyinputsignal,

1. Apply animpulseto thesystemandrecordthecorrespondingoutput.This is thesystemimpulseresponsein the
timedomain.

2. UsetheLaplacetransformto convert this time-domainsystemimpulseresponseto theLaplacedomain.

3. Chooseaninput signalandobtainits Laplacetransform.Multiply theLaplacedomainimpulseresponseby the
Laplacedomaininputsignal.This yieldstheLaplacedomainoutputsignal.

4. Take theinverseLaplacetransformof this outputsignalto determinetheoutputsignalin thetimedomain.

The impulsetechniquecannotbe usedin somepracticalapplications.Perhapsthe systemcannotbe disturbed
with an impulse.Or an impulsedrivesthesysteminto non-linearbehaviour. Or it maybethatthereis a signal-noise
problem: theoutputsignal is too weakat themaximumallowableimpulsesignal. In thosecases,cross-correlation
maybemoreuseful.Low-level randomnoiseis fed into thesystem.Theoutputsignalis cross-correlatedagainstthe
input. Theresultingcorrelationfunctionis theimpulseresponseof thesystem.

Theamplitudeof animpulsemaybescaledby somefactorK . ThentheLaplacetransformof thescaledimpulse
is K � 1 = K .

It is a bit tricky to provethattheLaplacetransformof theunit impulseis 1. Maximais notmuchhelp. A proof is
shown in section6.4onpage39.
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4.4 Forcing Function: Unit Step
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Figure15: Unit Step

The unit step is shown in �gure 15. A stepwaveform of
height 1 unit is the time integral of a unit impulse. In the
Laplacedomain,integrationis accomplishedby multiplying
by 1=s. Consequently, theLaplacetransformof theunit step
is 1=s timesunity, or 1=s.

We canobtainthesameresultusingthede�nition of the
Laplacetransform,asshown in section6.5onpage40.

Or wecanuseMaximato do this. FromtheMaximamanual:

laplace(expr,t,s) attempts to compute the Laplace transform of expr with respect to the
variable t and transform variable s.

In this case,aunit step,expr is simply1.

(C22) laplace (1, t, s);
1

(D22) -
s

Thisalsoworksin reverse.Again, from themanual:

ilt(expr,s,t) computes the inverse Laplace transform of expr with respect to the t and
variable s. expr must be a ratio of polynomials whose denominator has only linear
and quadratic factors.

This time,expr is 1=sandtheinversetransformyieldsa unit stepwaveform.

(C21) ilt (1/s, s, t);
(D21) 1

In practice,waveformsarerarelyoneunit in amplitude,in whichcasetheamplitudeof thestepmaybescaledby
somefactorK .

4.5 Forcing Function: Unit Ramp
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Figure16: Unit Ramp

Theunit rampis shown in �gure 16, a rampwaveformof 1
unit increaseper unit of time. As the stepwaveform is an
integralof theimpulse,sois therampanintegral of thestep.
Again, in theLaplacedomainintegrationis accomplishedby
multiplying by 1=s. Consequently, theLaplacetransformof
theunit rampis 1=s2.

This is con�rmed by Maxima, for the transformandin-
versetransform:

(C15) laplace(t,t,s);

1
(D15) --

2
s

(C14) ilt (1/sˆ2, s, t);

(D14) t
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As in thecaseof theimpulseandstepwaveforms,themagnitudeof therampmaybescaledby somefactorK .

4.6 Unit Impulse and RC Lowpass
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Figure17: Impulsewith RCLowpass

Now we are in a position to analysesomesimple circuits.
Our �rst caseis to determinetheoutputsignalwhentheRC
lowpass�lter is drivenby a unit impulse.

TheLaplacetransformof thetransferfunctionof theRC
lowpass�lter wasderivedpreviouslyasequation13 onpage
7:

eo

ei
=

1
1 + s�

(43)

TheLaplacetransformof theoutputsignalis theproduct
of theinput signal(unity) andthetransferfunction,equation
43. To �nd theoutputsignalasa functionof time, we need
the inversetransformfor equation43. Thereare two ways
to do this: with thecomputeralgebrasystem(Maxima)and
manually, with a tableof transforms.

4.6.1 InverseTransform, Using Maxima

Maximacan�nd theinversetransform:

(C18) ilt (a/(s+a), s, t);
- a t

(D18) a %E

where%Eis theconstante. Backsubstitutea = 1=� andwe obtain:

eo(t)
ei (t)

=
1
�

e
�

t
� (44)

4.6.2 InverseTransform, Using Tables

Consultingthetableof Laplacetransforms(section4.2onpage19),entry7 looksasif it might beuseful.

1
s � a

$ eat (45)

We'll manipulateequation43 into thatform.

eo(s)
ei (s)

=
1

1 + s�

=
1
�

0

B
@

1

s +
1
�

1

C
A (46)

Then� 1=� in equation46 is equivalentto a in thetransformpairof equation45. We alsohavea leadingconstant
1=� in equation46 to take into account.Accordingto entry6 of thetable,this remainsunchangedfrom theLaplace
to thetimedomain.Thentheinversetransformof equation46 is:
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eo(t)
ei (t)

=
1
�

e
�

t
� (47)

whichmatchesequation44.
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Figure18: ImpulseandRCLowpass

4.6.3 Measurements

Figure18(a)showsthetheoreticalresultof animpulsemeasurementonanRClowpassnetwork. Theinitial magnitude
of theoutputwaveform is equalto K =� , whereK is theareaof the impulsein volt-secondsand� is RC, the time
constantof thenetwork. After theinitial output,theoutputdecaysto 1=eof its original valuein onetimeconstant.

Figure 18(b) shows an impulsemeasurementon an RC lowpassnetwork with R = 9880
 (10k
 nominal),
C=95.6nF(100nFnominal). Thenthe time constantfor this network is � = RC = 9880� (95:6 � 10� 9) = 0.944
milliseconds.
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We mustcheckthesourceandloadimpedanceof themeasuringequipmentto determinethatit doesnotaffect the
measurement.Theoutputimpedanceof thegeneratoris 75
 , muchlessthantheresistance,so it maybeneglected.
Theinput impedanceis theoscilloscopeis 1M 
 k 20pF, againlargeenoughto beneglected.

In orderthattheinputpulsebeconsideredanimpulse,thepulsewidth mustbemuchlessthanthetimeconstantof
thenetwork andtheremustbesuf�cient time for theoutputtransientto dieaway. In this case,thegeneratoris setto a
dutycycleof 1%whichyieldsapulseof width 50� Sec,onetenthof thetimeconstant.Therepetitionrateis 200Hzso
thetimebetweenpulsesis 5msec,5 timeconstants.Thepulseis unipolarsothegeneratoroutputis offsetby +4 volts
with a pulseamplitudeof 8 volts peak.

Figure18(d)showsthecontrolsetupfor thegenerator.

Results

Figure18(b)showsthemeasuredinput impulse(uppertrace)andoutputwaveform(lower trace).
The measurementcursorsandadjustabletrigger point of the DSO-101oscilloscopemake it very convenientto

measurethevoltageandtimevaluesof theoutputwaveform.
The input areaof the pulseis 8 volts timesthe pulsewidth of 50� Secfor a total of 400 � 10� 6 volt-seconds.

This is the value of K in the equationof �gure 18(a). Then the peakvalue of the output pulse is theoretically
Vinit = K =� = 400mV. Themeasuredvalueis 465mV.

Theoutputwaveformshoulddecayto 1=e = 0:368of its original valuein onetime constant,0.944mSecin this
case.In fact,a decayfrom 465mVto 173mVoccursin 870� Sec.

Figure18(c) shows an expandedview of the pulseinterval. Notice how the capacitorvoltagerampsup during
thepulse.During thecharging interval thewaveformis exponentialbut becausethecapacitorvoltageis alwaysmuch
lessthanthepulsevoltage,thevoltageacrosstheresistoris approximatelyconstantandthecapacitorchargingcurrent
is approximatelyconstant. As a result, the capacitorcharging waveform is approximatelylinear. This is a useful
approximationto keepin mind for somecircuit analysisproblems.

4.7 Unit Stepand RC Lowpass
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Figure19: Stepwith RCLowpass

Now we'll determinethe unit stepresponseof the RC low-
pass�lter , �gure 19.

Again,westartwith theLaplacetransformof thetransfer
functionof theRClowpass�lter , equation13:

eo

ei
=

1
1 + s�

(48)

Again, it looksasif thetransform

1
s � a

$ eat (49)

might beuseful. Rearrangeequation48 andput 1=� = a to
simplify thenotation:

eo

ei
=

a
a + s

(50)

Theoutputsignalasa functionof time is theinverseLaplacetransformof theproductof theunit stepinput signal
(1/s)andthetransferfunction,equation50.

eo(t)
ei (t)

= L � 1 1
s

�
a

a + s

�
(51)

Now wemust�nd this inversetransform.We'll show two methods,acomputeralgebramethodusingMaximaand
a manualmethod.
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4.7.1 Method 1: Using Maxima

Equation51 is of theform
a
s

�
1

s + a

�

wherea = 1=� . Hereis Maxima�nding theinversetransform:

(C25) ilt( (a/s)*(1/(s+a)),s,t);
- a t

(D25) 1 - %E

Backsubstitutea = 1=� andtheresultis:

eo(t)
ei (t)

= 1 � e� t=� (52)

This equationis the time responseof an RC lowpassnetwork to a unity-stepinput. If the stepis K volts in
magnitude,thentheresponseis multipliedby K .

4.7.2 Method 2: Using Transform Table Entry

Hereis themanualmethod.It' sa lot morework thanusingMaxima,but nothingis hidden`behindthecurtain'.
We begin with equation51. We needto applypartial fractionexpansionto getequation51 into a suitableform

for thetransformsin thetable(section4.2). Maximacando partial fractionexpansions,but we'll do it manually. In
equation54 we reorganizeequation51 into thesumof two terms.Eachdenominatoris onethathasa recognizeable
entryin thetableof Laplacetransforms.Now we needto determinethenumeratorsx andy to satisfythis form.

It' s alsoa goodideato move thenumeratorconstanta out of thepartial fractionexpansion(aswe'll seelater),so
we'll do thatnow.

1
s

�
a

a + s

�
= a

�
1
s

�
1

a + s

��

= a
�

x
s

+
y

a + s

�
(53)

= a
�

xa + xs + ys
s(a + s)

�

= a
�

xa + s(x + y)
s(a + s)

�
(54)

Comparingthenumeratorof equation54with thenumeratorof equation51,we canwrite thefollowing:

xa = 1

x =
1
a

(55)

Also, sincethes termin thenumeratorin thenumeratorof equation51 is non-existent:

x + y = 0

y = � x

= �
1
a

(56)

Checkthesevaluesby back-substitutingfor x andy in equation53:
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1
s

a
a + s

= a
�

x
s

+
y

a + s

�

= a
�

1
as

+
� 1
a

1
a + s

�

=
a

s(a + s)
(57)

Thiscon�rms thatx andy arecorrect.Now we canproceedwith theinversetransform.

eo(t)
ei (t)

= L � 1
�

a
a + s

�
1
s

= L � 1 a
�

1
as

�
1

a(a + s)

�

= L � 1
�

1
s

�
1

(a + s)

�
(58)

Consultingthetableof Laplacetransforms(section4.2onpage19),entry8 indicatesthateachof thesetermscan
betreatedseparately. Accordingto entry2 of thetable,the1=s termtransformsto 1. The� 1 termin thenumerator
is a constantso it transformsunchanged.The 1=(a + s) term transformsto e� at . Putting this togetherandback
substituting1=� = a, we have:

eo(t)
ei (t)

= L � 1
�

1
s

� 1
1

a + s

�

= +1 � 1e� at

= 1 � e� t=� (59)

which is thesameresultthatMaximafoundfor usin equation52.

4.7.3 Sanity Check

It' salwaysagoodideato checkthereasonablenessof anequationagainstthephysicalbehaviour of thecircuit.
Whentheunity-valuestepis appliedto theRC lowpasscircuit, thecapacitorwill begin to chargeandthatprocess

will continueuntil thecapacitorvoltageis equalto theinputvoltage.Let'sexamineequation59 to seeif thatis true.
At time t = 0, theexponentialterme� t=� is thene0 = 1, sotheoutputvoltageis zero.
At time t = [VeryLargeValueComparedto � ], thene� [LargeValue] � 0 andtheoutputvoltageis equalto the

inputvoltage.
Bothof theseagreewith thephysicalsituation.
We could alsoput t = � in which casethe outputvoltageis 1 � e� 1 = 0:633. That is, the charging is 63%

completeafteronetimeconstant.

4.7.4 Measurements

Figure20(a)shows the the theoreticalstepresponseof an RC lowpassnetwork. The outputvoltagerisesup to the
input voltageat a ratede�ned by the time constant.Figure20(b) shows the measuredresponseof an RC lowpass
network to a5 volt inputstep,whereR = 2:075
 andC = 1� F. Thetimeconstantis thenRC = � = 2:075msec.At
63%of the�nal voltage(3.15volts) thetimeelapsedis about2msec,aspredicted.
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4.8 Unit Ramp and RC Lowpass
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Figure21: Rampwith RC Lowpass

Now we'll dotheunit rampresponseof theRClowpass�lter .
Again,westartwith theLaplacetransformof thetransfer

functionof theRClowpass�lter , equation13:

eo

ei
=

1
1 + s�

(60)

Again, it looksasif thetransform

1
s � a

$ eat (61)

might beuseful. Rearrangeequation48 andput 1=� = a to
simplify thenotation:

eo

ei
=

a
a + s

(62)

The Laplacetransformof the input rampsignal is 1=s2. The outputsignalasa function of time is the inverse
Laplacetransformof theproductof theinputsignalandthetransferfunction,equation63.

eo(t)
ei (t)

= L � 1 1
s2

�
a

a + s

�
(63)

It simpli�es thingsto movethea termin thenumeratorout in front of theexpressionasaconstant.

eo(t)
ei (t)

= L � 1 a
�

1
s2

�
1

a + s

��
(64)
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4.8.1 InverseTransform, Using Maxima

Maximacan�nd theinversetransform:

(C26) ilt( (a/(sˆ2))*(1/(s+a)),s,t);
- a t

%E 1
(D26) ------- + t - -

a a
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Figure22: RCLowpassOutputvs Timewith RampK t Input

Backsubstitutea = 1=� andrearrange,thenwe
have:

eo(t)
ei (t)

= t � �
�

1 � e� t=�
�

(65)

Thisequationis thetimeresponseof anRClow-
passnetwork to a unity-rampinput. If the rampis
K volts/secondin magnitude,then the responseis
multipliedby K (�gure 22).

Let's think aboutthis equation.It saysthat the
ramp input generatesa ramp output minus some-
thing. Looking at the somethingpart, the expo-
nential term disappearsas time becomeslarge. In
other words, everything after the ramp eventually
becomesa constantequalto � . So the output tracksthe input with a constantdifference(control systemspeople
wouldcall this anerror) of � = RC.

4.8.2 InverseTransform, Using Algebra and Transform Table

We canobtainthesameresultby hand.Startwith equation64above.
If we extract a 1=s term from the right side, thenwhat remainsinside the squarebrackets is somethingwe've

alreadydone:

eo(t)
ei (t)

= L � 1 a
s

�
1
s

�
1

a + s

� �
(66)

Wepreviouslyshowed(equation58) thattheexpressioninsidethesquarebracketscanbeexpandedin fractionsas
follows:

1
s

�
1

a + s

�
=

1
as

�
1

a(a + s)
(67)

Backsubstitutefrom equation67 into equation66andwehave:

eo(t)
ei (t)

= L � 1 a
s

�
1
as

�
1

a(a + s)

�

= L � 1 1
s

�
1
s

�
1

(a + s)

�

= L � 1 1
s2 �

1
s

1
(a + s)

(68)

We cando thesamesubstitutionon thesecondtermin theequation,againfrom equation58:
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eo(t)
ei (t)

= L � 1 1
s2 �

�
1
s

1
(a + s)

�

= L � 1 1
s2 �

�
1
as

�
1

a(a + s)

�

= L � 1 1
s2 �

1
as

+
1

a(a + s)
(69)

Now wecanproceedwith theinversetransform.
Consultingthetableof Laplacetransforms(section4.2onpage19),entry8 indicatesthateachof thesetermscan

betreatedseparately.

L � 1 1
s2 = t (70)

This is therampsignal.

L � 1 1
as

=
1
a

(71)

L � 1 1
a

�
1

a + s

�
=

1
a

e� at (72)

Puttingthis togetherandbacksubstituting1=� = a, we have:

eo(t)
ei (t)

= L � 1 1
s2 �

1
as

+
1

a(a + s)

= t �
1
a

+
1
a

e� at

= t � �
�

1 � e� t=�
�

(73)

ThismatchestheresultobtainedusingMaxima.

4.8.3 Measurement

Figure23(a)shows thethetheoreticalrampresponseof anRC lowpassnetwork. This measurementrequiresa wave-
form that increasesduringa rampinterval of time andthendropsbackto zeroduringa resetinterval. Triangleand
sawtoothwaveformscommonlyavailablefrom functiongeneratorsprovidearampbut notthenecessaryresetinterval.

In this case,thenecessaryramp-resetwaveformwascreatedwith equaltime assignedfor therampandthereset.
TheWavemaker utility programwasusedto draw thewaveform13. Thenthiswaveformwasloadedinto theWGM-101
waveformgenerator. TheDSO-101canthenreproducethisarbitrarywaveformatthedesiredfrequency andamplitude.

Theoutputvoltagerisesat thesamerateasthe input, but delayedby onetime constant.Figure23(b)shows the
measuredresponsewhenthetimeconstantis RC = � = 945msec.Themeasureddelayis 937msec.

13Wavemaker is availableasa freedownloadfrom theSyscompwebpage,in theDownloadssection.
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Figure23: RampandRC Lowpass

4.9 Two Stage(SecondOrder) Lowpass,Impulse Response
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Figure24: 2ndOrderRCLowpassFilter

In section3.4 we showed the frequency domainanalysisof
thetwo stageRC lowpass�lter of �gure 24.

Wefoundthatthetransferfunctionis asecond-orderlow-
pass�lter with aQ factorof 1/3. Now, in accordancewith our
originalscenario(section1.2),let usinvestigatetheeffective-
nessof this �lter in attenuatinga noisespike.

Wecanapproximateanoisespikeby anidealimpulse,so
we needto know the impulseresponseof the �lter . The im-
pulseresponseis theinverseLaplacetransformof thetransfer
function.Hereis how we useMaximato determinethat:

1. We enterthetransferfunctionof thesecond-orderRC lowpass(equation42). In this equation,w represents! o:

(%i48) wˆ2/(sˆ2+(w/q)*s+wˆ2);

2. Maximaformatsandechoesthisback:

(%o48)
w2

w2 + s w
q + s2

3. We enterthecommandto �nd theinverseLaplacetransformof thepreviousequation:

(%i49) ilt(%,s,t);

4. Maximaasksin effect whetherthe transferfunction is overdamped,critically dampedor underdamped.If the
functionis underdamped,theimpulseresponsewill beoscillatory, thatis, therewill beovershootandringing.

I s (2 q � 1) (2 q + 1) w2positiv e;negativ e;orzero?

In this case,theQ factoris 1=3, sothecorrectansweris negative .

30



negative;

5. Maximanow determinestheinverseLaplacetransform.

(%o49)

2qw e
�

t w
2q sinh

 p
1 � 4q2 t w

2q

!

p
1 � 4q2

This is thetime-domainresponseto animpulse.

6. We cansimplify this equationsomewhatbeforeplotting:

� Replacew(= ! o) with 1=�

� SubstituteQ(= q) = 1=3 in theexpression

1
2Q

p
1 � 4Q2 = 1:13

Thenweobtainthemuchmoremanageable:

f (t) =
1
�

2

4 1
1:13

e

� 1:52t
� sinh

�
1:13t

�

�
3

5 (74)

7. Replacet=� by thevariablex, sothehorizontalaxisis unitsof timerelative to thetime-constant.

8. Plot the amplitudevs time with Gnuplot or someequivalent. The resultof plotting the quantitywithin the
squarebracketsof equation74 is shown asthesolid-linetracein �gure 25.

As in previouscases,thisassumesanimpulsesignalthathasanareaof 1 volt-second.If that'snot thecase,then
theoutputmustbescaledby K , whereK is theareaof theimpulsein volt-seconds.

e� x

Relative
Response

f(t)

1
1:13

e� 1:52x sinh (1:13x)
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Figure25: ImpulseResponseof 2ndOrderLowpassFilter
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4.10 Comparing the Filters

Now we arein a positionto comparethesingle-stage(�rst-order) RC lowpasswith thetwo-stage(second-order)RC
�lter . We'll assumea unit impulseinput signal.

Theresponseof a singlestageRC lowpass�lter wasshown in �gure 18(a)on page23. Assumea unit impulse
(K = 1) andregrouptheequationfor comparisonpurposes:

f (t) =
1
�

2

4e
�

t
�

3

5 (75)

As wedid with equation74wecanput t=� = x andplot everythinginsidethesquarebraces.This is shown asthe
dashedtracein �gure 25.

Two thingsareimmediatelyevident:

� thesecond-orderRClowpassis muchmoreeffective(by afactorof four, approximately)thanthe�rst-order RC
lowpassin reducingtheamplitudeof a noisepulse.

� the leadingedgeof thesecond-orderRC lowpasspulserisesat a muchlower rate. This couldbesigni�cant if
the�lter is beingusedto reduceelectricalnoise,which is oftenrelatedto therateof changeof signals14.

It shouldbeemphasisedthat this is ananalysisof idealcomponentsandthenon-idealbehaviour of capacitorsin
particularshouldbeconsideredin thedesignof aneffectivenoise�lter . For example,theequivalentseriesresistance
of a capacitorandits leadinductancemayimpactits effectivenessin this application.

As a practicalconsideration,thetwo seriesresistorsmustbeproportionedsothey do not causeexcessive voltage
dropfor theDC current.

5 Arbitrary Waveforms

To thispoint,wehaveassumedthattheinputsignalis animpulse,stepor rampfunctionof time. Not infrequentlyone
would like to determinetheresponseof anelectricalcircuit to somearbitraryinputwaveform.Thenit is necessaryto
obtaintheLaplacetransformfor that input waveform. In this sectionwe show variousexamplesof suchwaveforms.
We will needtwo tools: thelinearity propertyandthetime-shiftingproperty.

5.1 Linearity Property

Thisis straightforward.Thetransformof thesumof two timefunctionsisequalto thesumof theindividualtransforms.

L f f 1(t) + f 2(t)g = f 1(s) + f 2(s)

Thento determinetheLaplacetransformof sometime function:

� breakit up into a sumof simplercomponents

� determinethetransformof eachof thesecomponents

� addthetransformedcomponents

Moregenerally, thesecomponentscanbescaledby constants,thatis:

L f af 1(t) + bf2(t)g = af 1(s) + bf2(s)

wherea andbareconstants.
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Figure26: Shift Property

5.2 Time Shift Property

Thetime shift of a time functionf (t) by anamounta in thepositive time directionis equivalentto multiplicationof
theLaplacetransformf(s) by e� as .

Theexampleof �gure 26 shows theLaplacetransformof a stepfunctionthathasbeentime-shiftedby anamount
a.

5.3 Example: Square Pulse
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a

� 1

Figure27: PulseWaveform

Figure27 shows how a pulsewaveform may be constructedby addingtogethertwo stepfunctions. A positive
unity stepinitiatesthewaveform. After sometime a an equalnegative stepbringsthewaveformbackto zero. The
timedomainfunctionis:

f (t) = u(t) � u(t � a) (76)

Now we can�nd theLaplacetransformof eachof thesestepwaveforms.Fromsection4.4 the transformof the �rst
stepfunctionis:

Lf u(t)g =
1
s

(77)

Thesecondstepwaveformis multipliedby aconstant� 1 andshiftedby anamounta, sotheLaplacetransformis:

Lf� u(t � a)g = �
�
e� as 1

s

�
(78)

Puttingthesetwo together, we have

Lu(t) � u(t � a) =
1 � e� as

s
(79)

14Figure25showsanin�nite rate-of-riseof thevoltage.In practice,therateof riseis determinedby theamplitudeof thepulseandtheRCvalues,
asshown in �gure 18(c)onpage23.
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5.4 Example: Triangular Pulse
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Figure28: TriangularPulse

A triangularpulseis shown in the upperhalf of �gure 28.
Davis [12] suggeststhefollowing clever techniquefor deter-
mining theLaplacetransformof this waveform.

Recall that a ramp waveform is the integral of a step
waveform,which is in turn the integral of an impulse.Then
a rampis the doubleintegral of an impulse. In the Laplace
domain,integrationis accomplishedwith a multiplicationby
1=s. Sotheupperwaveformin �gure 28 maybeconsidered
the doubleintegral of the lower waveform, a seriesof im-
pulses.

The�rst unit impulsestartsa unit rampwhich runsfor 1
second.Thesecondimpulse,amplitude-2 units,cancelsthe
�rst rampandcreatesa negative-goingunit ramp. That runs
for a furtherseconduntil it is cancelledby thethird impulse,
whichcreatesa positiveunit ramp.

Impulsesare easyto dealwith sincethe Laplacetrans-
form of a unit impulseis simply1. Thenthe�rst impulseis +1 .

Thesecondimpulseis -2 shiftedby onesecond:� 2e� 1s

Thethird impulseis +1 shiftedby 2 seconds:+1 e� 2s.
Puttingthis together, theLaplacetransformof theimpulsesis:

f (s) = 1 � 2e� s + e� 2s

TheLaplacetransformof thetrianglepulseis thedoubleintegralof this:

f (s) =
1 � 2e� s + e� 2s

s2

A similar technique,thesingleintegrationof a seriesof impulses,couldbeusedto createa steppedwaveform.
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6 Appendices

6.1 MeasurementTechnique

Low costoscilloscopesandwaveformgeneratorsthatarehostedby apersonalcomputer, arenow availableto students
[14]. As demonstratedin theexercisesof thispaper, it is possiblefor studentsto explorewaveformprocessingconcepts
independentlyof the traditional engineeringelectronicslaboratory. The hardwareand computerhost can provide
powerful analysisanddisplayfunctionsthatsupportlearningin this environment.

For example,Syscompinstrumentssupportthefollowing capabilities:

� frequency-precisewaveformgenerationandmeasurement

� arbitrarywaveformconstructionandgeneration

� manualor automaticfrequency sweepovera rangeof six decades

� digital cursorreadoutof frequency andamplitude

� spectrumanalysis

� waveformmath(eg, multiplicationof waveforms)

� waveformimagecapturefor reports

� waveformdatacapturefor post-processingin spreadsheets

� vectornetwork analysis(BodePlots)of AC circuits

Accessto this technologyallowsstudentsto demonstrateandstudytheresultsof circuit analysisanddesign.This
leadsto bettermasteryof thetheoreticalconceptsandfacility with electronicinstrumentation.

6.2 A Simple Intr oduction to ComplexNotation

Complex numbers[15], [16], [17] andimaginary numbersareroutinelyusedin many �elds of engineering.This is
especiallytruein electricalengineering,wherethey form thebasisof AC circuit analysis.
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Figure29: RectangularNotation

AC signalscanberepresentedasrotatingvectors.For the
purposeof AC circuit analysis,we take a snapshotat some
instantof time, and then comparea static picture of these
vectors.

RectangularNotation

A two-dimensionalvectorZ mayberepresentedby its hori-
zontalandverticalcomponentsasa complex number(�gure
29). WhenZ is avectorwe couldwrite:

Z = x + j y

wherex is thehorizontalcomponent,saidto betherealpart.
y is theverticalcomponent,referredto astheimaginarypart.
j is the imaginary operator,

p
� 1. (Electricalengineersuse

j for theimaginaryoperator, mathematiciansusei ).
Whenacomplex numberis expressedlike thisasthesum

of a realpartandimaginarypart,thenit is saidto bein rectangularnotation.(Thex componentandthey component
lie alongthesidesof animaginaryrectangle.)

Thetermscomplex andimaginary shouldbetakenwith a grainof salt. At thetime of their invention,themathe-
maticalideaspresenteddif�culty , andthesetermsre�ect thatheritage.
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For ourpurposes,acomplex numbermightbebettercalledavectornumber. Theimaginaryoperator, whichposes
suchconceptualdif�culty on �rst encounter, canbetreatedasa device thatrotatesa vectorby 90� . It couldbecalled
a quadraturerotationoperator, thetermquadrature implying right angle.

Why usej asanoperatorontheverticalcomponent?Becauseit leadsto aconsistentsystemof mathematicalrules
regardingoperationssuchasadditionandmultiplicationon thevectors.Theserulesaresurprisinglyconsistentwith
familiarmathematicaloperations,asillustratedby thefollowing example:
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......................................................

...................................
........
........
...

5j 0 = 5

x

y
5j 1 = 5j

5j 2 = � 5

5j 3 = � 5j

Figure30: ImaginaryOperatorj

Refer to �gure 30 and considerthe vector 5 pointing
alongthe positive X axis. This may be regardedas5j 0 =
5 � 1 = 5, a vector5 unitslong with no rotationsapplied.

Then5j 1 = 5j is thesamevectorrotatedCCW90� to lie
alongthepositiveY axis.

Now consider5j 2. This time vector is further rotated
CCW by 90� so it pointsalong the negative X axis. Then
theoriginal vectorhastwo rotationsandin complex notation
becomes5j 2. But j 2 = (

p
� 1)2 = � 1 so5j 2 = � 5, which

is thecartesiangraphnotationfor lying alongthenegativeX
axis. In otherwords,treatingj =

p
� 1 worksout correctly

with thestandardrulesof arithmetic.

ComplexNumber Arithmetic: Addition and Subtraction

The addition and subtractionof complex numbersis quite
straightforward when the numbersare expressedin rectan-
gular notation. One simply addsthe correspondingparts:
real+real,imaginary+imaginary. For example:

(x + j y) + (a + j b) = (x + a) + j (y + b)

Multiplication anddivisionarenotsosimple.It is possibleto performtheseoperationsin rectangularnotation,but
aneasierapproachis polar notation.

Polar Notation

Therectangularform of thecomplex numbermaybewrittenasfollows:

x + j y = R cos� + j R sin �

= R (cos� + j sin � ) (80)

where:
R is thelengthof thevector:R =

p
x2 + y2

� is theangleto thevectormeasuredfrom thehorizontalaxis,tan � 1(y=x)

However, by Euler's Identity
ej � = cos� + j sin � (81)

Thenequation80canbewrittenas:
x + j y = Rej � (82)

This is thepolar form of complex notation.It is sousefulin electricalengineeringthatmany scienti�c calculators
havebuilt-in keystrokesto convert from rectangularto polarnotationandvice-versa.

ComplexNumber Arithmetic: Multiplication and Division

The multiplication and division of complex numbersis straightforward when the numbersare expressedin polar
notation.Onesimplymultipliesthemagnitudeandaddstheangles.For example:
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Z ej � � W ej � = Z � W ej ( � + � ) (83)

Z ej �

W ej � =
Z
W

ej ( � � � ) (84)

1
W ej � =

1
W

ej (0 � � ) =
1

W
e� j � (85)

Theseoperationsaresocommonin electricalengineeringthat they have a shorthandform, whereej (something)

is replacedby theanglesymbol6 (something).Thenexamples83 to 85wouldbewrittenas:

Z 6 � � W 6 � = Z � W 6 (� + � ) (86)
Z 6 �
W 6 �

=
Z
W

6 (� � � ) (87)

1
W 6 �

=
1

W
6 � � (88)

6.3 Gnuplot Magnitude and PhasePlotting Routines

TheLinux versionof theGnuplot plotting programwasusedto createthemagnitudeandfrequency responseplots
in this paper. Gnuplotis alsoavailableto rununderWindowsoperatingsystems.

The lines set terminal fig and set output "mag-single-tc-lp.fig" set up the programto
dumpits outputinto a data�le suitablefor theXFig drawing program15.

On a Linux system,the line set terminal x11 directstheoutputto thedisplay. UnderWindows,you may
needto choosesomeotherterminal.ChecktheGnuplotmanualunder`terminal'.

For reasonsknown only to Gnuplot,directingtheoutputto thedisplaywith theset terminal x11 command
hastheeffect of disablingtheoutputto theX�g formatted�le, so you can't do bothat once. Startwith thedisplay
enabledsoyou canseetheresult. Whenyou have a satisfactorydisplay, you cancreateanXFig �le (or someother
format)by commentingout thelinesset terminal x11 andreplot with a hashmarkat thestart,asshown in
thephaseplot listing below.

6.3.1 First Order LowpassAmplitude Response

#List of commands to plot 1st order lowpass filter magnitude response
set terminal fig
set output "mag-single-tc-lp.fig"
set ylabel "Amplitude, db"
set xlabel "Frequency, $\omega/\omega_o$"
set grid
set nologscale y
set logscale x
plot [0.01:100] (10.0/2.302)*log(1/(1+(x)**2)) title '' with lines
# Factor 2.302 converts natural log to log-base-10
set terminal x11
replot
pause -1

15XFig is adrawing programavailableonLinux systems.TheWindows equivalentis JFig.
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6.3.2 First Order LowpassPhaseResponse

#List of commands to plot 1st order lowpass filter phase response
set terminal fig
set output "phase-single-tc-lp-a.fig"
set ylabel "Phase, degrees"
set xlabel "Frequency, $\omega/\omega_o$"
set grid
set nologscale y
set logscale x
plot [0.01:100] (180/3.14)*(-atan(x)) title '' with lines
# Factor 180/3.14 converts radians to degrees
# set terminal x11
# replot
pause -1

6.3.3 SecondOrder LowpassAmplitude Response

#List of commands to plot 2nd order lowpass filter magnitude response
#There are three plots, each with different Q factor
set terminal fig
set output "mag-quadratic-lp.fig"
set ylabel "Amplitude, db"
set xlabel "Frequency, $omega/omega_o$"
set grid
set nologscale y
set logscale x
plot [0.05:50] \

-(10.0/2.302)*log(((1-(x**2))**2)+((2* 0.25* x)**2 )) title '' with lines,\
-(10.0/2.302)*log(((1-(x**2))**2)+((2* 0.5*x )**2) ) title '' with lines,\
-(10.0/2.302)*log(((1-(x**2))**2)+((2* 1*x)* *2)) title '' with lines

set terminal x11
replot
pause -1

6.3.4 SecondOrder LowpassPhaseResponse

# List of commands to plot 2nd order lowpass filter phase response
# Getting this to work was tricky. The actual function to plot
# vs angle is atan((x/1)/(1-x**2)). However, this takes the function
# into a quadrant with a negative x axis and positive y axis,
# and so the angle jumps as it passes through +90 degrees,
# to -90 degrees and then decreases back to zero. We want a function
# that smoothly decreases from 0 to -180 degrees. To get this
# function into the right quadrant, I inverted the expression
# and then added -90 degrees.
set terminal fig
set output "phase-quadratic-q-lp.fig"
set ylabel "Phase, degrees"
set xlabel "Frequency, $omega/omega_o$"
#set key 6.2, 250
set grid
set nologscale y
# set angles degrees
# set yrange [-180:0]
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set logscale x
set angles degrees
plot [0.05:50] -90+atan((1-x**2)/(x/1)) title '' with lines,\

-90+atan((1-x**2)/(x/2)) title '' with lines,\
-90+atan((1-x**2)/(x/4)) title '' with lines

set terminal x11
replot
pause -1

6.3.5 Second-OrderRC Lowpass(Q = 1=3) Impulse Response

#List of commands to plot impulse response of 2nd-order lowpass filter
#For explanation, see 'laplace-cookbook' paper

set terminal fig # direct graphical output to a file
set output "impulse-curve.fig" # establish name of the file
set xlabel "Time Constants" # label x axis
# set ylabel "Charge\\Fraction" # label y axis
# set key 6.2, 250 # position graph title
set grid # turn grid on
plot [0:10] (2.71818**(-1.52*x))*(sinh(1.13*x) )
set term x11 # show output on terminal
replot # redo the plot
pause -1

6.4 LaplaceTransform of Unit Impulse

TheLaplacetransformof somefunctionf (t) is givenby16:

L f (t) =
Z 1

0
e� st f (t)dt (89)

Referringto �gure 14(b)on page20, during the interval t = 0 to t = W secondstheunit impulsetime-domain
functionis:

f � (t) =
1

W
(90)

The impulsefunction is zerooutsidetheregion betweent = 0 to t = W , so thesecanbecomethe limits of the
integration.Then:

L f � =
Z W

0
e� st

�
1

W

�
dt

=
1

W

Z W

0
e� st dt (91)

Usetheidentity Z
eax =

1
a

eax (92)

to expandequation91:

16Theapproachin thissectionis basedon [6]
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L f � =
1

W

Z W

0
e� st dt

=
1

W

 
1

� s
e� st

�
�
�
�

W

0

!

=
1

W

�
1

� s
e� W s �

1
� s

e0s
�

=
1 � e� W s

W s
(93)

The�nal stepis to make thewidth of thepulseW approachzero. Unfortunately, this putszeroin thenumerator
anddenominator, which makestheexpressionindeterminate.However, becausethenumeratoranddenominatorare
bothzero,L'H ôpital'sRule[7] allowsusto replacebothnumeratoranddenominatorby their derivatives17.

Then

lim
W ! 0

1 � e� W s

W s
= lim

W ! 0

0 � W e� W s

W
= lim

W ! 0
e� W s

= 1 (94)

QED: theLaplacetransformof theunit impulseis 1.

6.5 LaplaceTransform of the Unit Step

Theunit step, known asu(t) hasa valueof unity for all timesgreaterthanzero. Pluggingthat into thede�nition of
theLaplacetransform(equation89above),we have:

L f (t) =
Z 1

0
e� st u(t)dt

=
Z 1

0
e� st 1 dt

= �
1
s

e� st
�
�1
0

= �
1
s

�
e�1 s � e� 0s�

= �
1
s

[0 � 1]

=
1
s

(95)

That's it!

7 Further Reading

Bookson electriccircuit analysisandsignalprocessingusuallyhave a sectionon theLaplacetransform.Thesetend
to bemath-basedexpositionsandnotparticularlyintuitive.

Fourieranalysiscanbeunderstoodasa correlationprocessthatsearchestheoriginal signalfor its sineandcosine
(or in-phaseand quadrature) components.The Laplacetransformis moredif�cult to put on that sort of physical
intuitivebasis.Two sourcesthattry areSmith[8] andLyons[9].

Smith's work is availableon the internet,andis moredetailedandextended.Lyon's text is availableasa Low
PriceEdition throughAbeBooks[10]. Both booksareexcellentfor studiesin digital signalprocessing.

17L'H ôpital's Rulealsoappliesif thenumeratoranddenominatorapproachin�nity .
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